JC 2 Cohort 2007
H2 Mathematics — Preparation for Preliminary Examination (Part 2)
[ Prepared by Mr Wee Wen Shih |

(11) Curve sketching — transformations
Key skills:

- Sketching graphs of =f (x+a)
- Sketching graphs o§” =f (x)

- Sketching graphs o§/=i
f(x)

- Sketching graphs of =f (|x))

Q22 [ PJC Midyear ‘07/P1/Q10 ]

The graphy =f(x) in the diagram given below cuts thexis at(a,0) and(4a,0)and
has a turning point af0,—2). The vertical asymptote is at=2a and the horizontal
asymptote is af = -1.

On separate diagrams, sketch the graphs of

(i) y? =f(x+a),
y 1
AT

(iii) y=f(|x|).

Q23 [ TJIC ‘05/P1/Q5(b) ]
The curve whose equation is= 1 — €
transformations:

R : A reflection in they-axis.

S: A scaling parallel to the-axis by a factor 2.
Give the equation of the resulting curve and skébehcurve. Your sketch should show
the coordinates of the points on the axes, if any.

2 undergoes, in succession, the following
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Another curve undergoes the transformat®and the equation of the resulting curve is
y=In(x-1). Find the equation of the original curve before thansformation and
sketch this curve.

[ Answers:y=1-¢€,y=1In(x%-1)]

(12) Mathematical induction

Key skills:

- Ml involving recurrences

- Making a conjecture

Q24 [ NJC Midyear '07/Q8 ]

2n+1

Given thatU, =(U, )42 andU, = 2.
(i) FindU,,U, andU, in exact form.

(i) Make a conjecture forlJ, in terms ofn only and prove your conjecture by
Mathematical Induction.

(13) Maclaurin’s expansion

Key skills:
- Implicit differentiation
- Use of standard series

Q25 [ CJC Midyear ‘07/Q3 Modified ]

tan™ x

Let y=e
2
() Showthat(1+d) IY=1-2 Y.
dx dx

(i) Find the first four terms in the Maclaurin’®rges fory, showing your workings
clearly.

(iii) Verify that the same result in (i) is obtad if the standard series expansions for e
3

_ X
and tant x =x— §+ ... are used.

(iv) Find an approximate value cé%, by substituting a suitable value of in the

Maclaurin’s series fory. Suggest one way to improve the accuracy of the

approximated value obtained.
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2 3

[ Answers: (ii) & (iii) 1 + x + X?— %+ e (V) 2% ]

(14) Inequalities and equations

Key skills:
- Forming a system of linear equations
- Solving inequalities and use of suitable substitis

Q26 [ Dunman High School Midyear ‘07/Q3 ]

A certain three-digit number is such that the teigit is one less than twice the sum of
the hundreds and units digit. If the units digisubtracted from the tens digit, the result
is twice the hundreds digit. When the number vsdéid by the same number but with its
digits reversed, the quotient is 2 and the remai28e Write down a system of linear

equations satisfied by the digits of the numbeent¢, solve the system of equations to
find the number.

[ Answer: 371 ]

Q27 [YJC Midyear ‘07/Q1 ]

Solve the inequalitylL3 >1 exactly.
- 3x

Hence, solve the following inequalities:

In x
1-3Inx
1 1
>

1-34 [

(i)
(ii)

[Answers:1<x<—1, ) 0<Xx<€ or x>¢, (i) 1sx<—1 or —}<xs—
4 3 4 3 3

AR

(15) Arithmetic and geometric progressions

Key skills:
- Recognising AP/GP
- Forming relationships between AP/GP

Q28
The first and third term of an arithmetic series prandq respectively. The sum of the
first n terms of this series is denoted By. Find S; in terms ofp andq. Given that

S, S, and S, are consecutive terms of a geometric series, shavb5q” — 30pg = P°.
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Q29 [ TJC Midyear ‘07/Q12(b) ]

The positive multiples of 3 are grouped into sets:

A1 ={3}, A, ={6, 9}, A3 ={12, 15, 18} and A= {21, 24, 27, 30}, ....

,where the set A contains elements.

() Find the total number of elements in the finssets. Show that the last element of

the set A is given bygn(n +1).

2
(i) Show that the sum of all the elements insbeA, is M

(16) Binomial expansions

Key skills:
- Expanding(a+bx)"

- Stating the validity range
- Finding the general term

Q30 [ CJIC Midyear ‘07/Q1 ]

: 3+X

i) Expressff)= ——

() Express T = o0 e)

(i) F;nd the expansion of &f in ascending powers &f up to and including the term in
X

(i) State the set of values a&ffor which the series expansion is valid.

(iv) Find the coefficient o%*.

in partial fractions.

3+X 2 + 1-Xx
L+ 2x)A+x?)  1+2x 1+x*°
(|V) 22I’+1 + (_ 1)I’ ]

[ Answers: (i)

(i) 3-5x+ B¢ + ..., (i) |X <%,
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(17) Normal distribution

Key skills:

- Finding i and o”

- Linear combinations of normal variables
- Sampling distribution

Q31 [ PJC Midyear ‘07/P2/11 ]
A fruit retailer bought apples and oranges from wiwlesale market. He weighed the
apples and found that 10% of the apples weigheck riian 200g and 15% of the apples

weighed less than 180g. The mass, in grams, aidoraly chosen apple may be taken to
have a normal distributiad(,0?) . Show thanu =188.94 ando = 8.63.

The mass, in grams, of a randomly chosen orangeaisaybe taken to have a normal
distribution with mean 220 and variance 9. Assuntimgt the mass of apples and the
mass of oranges are independent, find the probathiat the difference in mass between
an apple and an orange is less than 10g.

The retailer decides to sell the fruits in boxdserE are three apples and two oranges per
box. Given that the mass of the empty box is 5gl the probability that the total mass
of a randomly chosen box of fruits exceeds 1030g.

[ Answers:0.0106, 0.968 ]

Q32 [ SRJC ‘05/P2/Q28 Modified ]

A particular brand of baby powder is packed in ogetwo sizes- standard and large.

The mass of each standard box of baby powder magdmded as a normal variable

with mean 150g and standard deviation 15g. The wfsach large box of baby powder

may be regarded to be another normal variable miglan 180g and standard deviation

25g.

(i) Find the probability that the total mass of twamdomly chosen standard boxes of
powder exceed twice the mass of a randomly cham@e Ibox of powder by less
than 5g.

(i) The random variabld denotes the mean mass (in grams) of a large bprwdiler
in a random sample of large boxes of powder. Find the least valua stich that

P(\f—18¢< 1)2 0 8¢

[ Answers: (i) 0.8844, (ii) 1511 ]

Page 5 of 10



(18) Probability

Key skills:

- Addition and multiplication principles

- Conditional probability

- Use of Venn and probability tree diagrams

- Independence and mutual exclusion principles

Q33 [ PJC Midyear ‘07/P2/Q9 ]
Good News Cafe sells only three types of ice-bleMtngo Rush, Strawberry Chill and

Orange Slurp. It takes 3 minutes to blend MangohR&sminutes to blend Strawberry
Chill and 4 minutes to blend Orange Slurp. The pholity of ordering Mango Rush,

Strawberry Chill and Orange Slurp airr;*%r and1—12 respectively. At a particular instant,

there are exactly four customers queuing to buyiteeblends. Assuming that each
customer only places one order and there is no kgdetween a customer getting his
order and the next customer placing his order, tivedprobability that

(i) the first and second customer orders the saswblend,

(i) atleast one of the first three customers oMango Rush,

(i) the time between the first customer orderinig drink and the fourth customer
ordering his drink is at least 12 minutes, giveattht least one of the first three
customers orders a Mango Rush.

37 .26 .. 45
Answers: (1) —, (i) —, (i) —
[ (i) - ()27 ()208]
Q34 [ RJC Midyear ‘07/Q12 ]
(@) Ash and Bill each roll a fair die once.

Ais the event: The score on Ash’s die is a multgdl2.
B is the event: The sum of the two scores is 8.

Justifying your conclusion, determine whetAeandB are independent.

(b) Ash and Bill now take alternate turns at rajlithe fair die. The first person to
obtain a “6” allows the other person one more fblthe other person also gets a
“6”, the game is drawn. If the other does not gé&é’athe first has won the game.
Ash begins a game. Find the probability that
(i) there are two “2”s and three “3”s in the fifste rolls of die in the game;
(i) Ash obtains the first “6” in the game, on mh roll;
(iif) Ash wins the game.
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(19) Hypothesis testing

Key skills:
- Use ofZ-test and-test
- Calculating unbiased estimates of the mean andnee

Q35 [ TPJC FM ‘06/P2/Q5 ]

The time takerx, in minutes, for James to walk to his school on 10 oamg chosen
occasions are summarized as follo®s = 210, = x* = 4500.

Test at 5% level of significance that the mean tbmevalk to school is more than 20
minutes.

[ Answer: Since t, =1 < 1.833, we do not rejedio and conclude that there is

insufficient evidence to say that the mean timevédk to school is more than 20 minutes
at 5% level of significance. ]

Q36 [ACJIC ‘05/P2/Q29 ]

The application of adrenalin is one of the waysettuce eye pressure, and it is found that
it will give a mean drop of 5.5 units. A new synthedrug is being tested for its
effectiveness in reducing eye pressure. This new @& given to 50 patients chosen at
random and the reduction in eye pressMrdor each patient is measured. It is found that

> (x-x)" =0.850.

() Find an unbiased estimate of the populationavere.

(i) Find the range of values of the sample meapdn eye pressure such that there is
insufficient evidence at the 5% significance letnalt the new drug is different from
adrenalin in reducing eye pressure.

(iii) Explain briefly what could be concluded ¥ x = 2807?

[ Answers: (i) 0.0175, (ii)5.46<;<< 554, (iii) Since 5.6 is outside the interval 5.46

x < 5.54 | there is significant evidence at the 5% lléveejectHo, and conclude that the
mean drop in blood pressure due to the new drugjfisrent from that produced by
adrenalin. ]
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(20) Regression and correlation

Key skills:
- Finding equations of regression lines and
- Non-linear regression

Q37 [NJC FM ‘06/P2/Q5]
An experiment was conducted to collect data onvarablesX andY which is known to

be related by the equation=aX". The following information is known.

Sample size =6

Sample product moment correlation coefficient betwig X and InY = —-0.860
Regression line of Ivon InX: InY =1.96 — 0.542IiX

Regression lines of IMon InX and InXon InY intersect at Ix = 0.497

(i) Find the values cd@ andb.
(i) Obtain the regression line of Kon InY.

[ Answers: (i) a=7.099b =-0.542, (ii)In X =2.804- 1 36IrY |

Q38 [JIC FM ‘05/P2/Q8 ]
A random sample of 10 pairs of valuesxandy is shown in the table below.

X 9 8 a 4 8 6 11 5 7 12
y 8 6 10 12 8 7 4 11 9 3

The equations of the regression liney ohx and ofx ony are
y=15.36-1.008 and x= 14by

respectively.

() Find the exact value @ and ofb.
(i) Draw a scatter diagram of the data and theaggjon lines.
(i) Calculate the product moment correlation d¢maént.

The above data actually represents the attendanci@emasx (to the nearest thousand)
and the rental of DVDy (to the nearest thousand). A statistician widleedetermine
how the attendance in cinemas depended on thd ofid&/Ds.

(iv) State, giving a reason, which of the regresdies,y onx or x ony, should be used
to express a possible linear relation betweandy.
Determine the attendance in cinemas if the reoitddVVDs is 6 200, giving your
answer to the nearest integer.

(v) Comment on the reliability of your above estima
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[ Answers: (i) a=5, b= —g, (i) r = -0.917 (3 SF), (iv) Regression lireny

should be used since the rental of the DVI)sig the independent variable. Attendance
on cinemas = 8 833, (v) The above estimate iaklel sincey = 6.2 falls within the

range (3, 12), and from (iii), there is a negatimear correlation betweex andy. |

(21) Trigonometry

Key skills:
- Use of sine and cosine rules
- Small angle approximations

- Curve sketching

Q39 [JJC ‘05/P1/Q15(b) Either ]
The diagram shows trianghkBC with sideAB extended t®. Given thatAB = ¢, AC = b,

BC =a, angleA = 7—3T radians and anglkBC = %T+ X radians, wherg is small.

2 -
(i) Show thatcos[1CBD =L\/§X2 :

(i) Using sine rule, show thab+c=a(2-x?).
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Q40

Express\/i_% cosy — sir =R co$a+ 6?) , WhereR and @ are to be determined. Hence,
(i) sketch the graph oy = J3cosx - simx for —m< x<m,

(i) solve ‘«/gcosx— sirx‘ < for —m< x< T, leaving your answers in terms af.

[ Answers: 2co{a+7—7j, (i) —5—7T< x<-ZorZax< ]
6 6 2 6
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