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l. Introduction: Oftentimes we require constructing composite indices by a linear
combination of a number of indicator variables. If we denote the indigat@bles by
X =[%, %, %,] where eachx; has nobservations (cases) and weights assigned to

those variables by =[w, w,..., w, ]¢ then the composite indek=Xwobtains a single
value for each cas&, or I, = Tzlxkjwj; k=1,n. The weights may be determined

subjectively or objectively by certain considerations extraneou$ieodatasetX, or

alternatively they may endogenously be determined by the staltistiformation
obtained from datasetitself. Endogenous weights are frequently obtained by a
statistical technique called the Principal Components Analy§l&\);Pwhich maximizes
the sum of squared coefficients of (the product moment) correlationre®etthe derived
composite index and the indicator variables{, or stated differently] = Xwsuch that

rjnzlrz(l X;)is maximum.

In presence of sizeable outliers in the data variablesye cannot expect the

product moments correlation coefficients to remain unaffectedotitiers distort mean,
standard deviation and the covariance structure of the indicator varikalding to
distortion in the coefficient of correlation (Hampel, 2001). It maylésirable, therefore,
to devise a technique that would minimize the influence of outbarshe composite
index. Our objective in this paper is to propose a new technique touminstich a
composite index. We also demonstrate the effectiveness of the prdapokedjue by a
simulation experiment.

ll. The Coefficient of Correlation in the Median Family: It is well known that median
as a measure of central tendency is (normally) unaffectatieogresence of outliers in
the data. The median is an analogue of the (arithmetic) meamnimizes the sum of

1/L

probability-weighted absolute deviations of data points from itseiﬁw‘( in:1|xi - c|L R

for L=1) while the arithmetic mean minimizes the probabiligighted sum of squared

/L

for L=2).

L
deviations of data points from itself (that implie® i”_1|xi -d n
% =

Bradley (1985) showed that {fi,v); i=1,n are npairs of values such that the
variablesu and v have the same median = 0 and the same mean deviation (from median)
or (1/n) " |u|=(@/n) |y|= dt 0, both of which conditions may be met by any pair



of variables when suitably transformed, then the absolute corretatigrbe defined as

rv= " el )/ 1)

lll. Construction of a Composite Index Using Bradley’'s Correlaion: Bradley’s
coefficient of correlation (that belongs to the median familyams analogue of the
Pearson’s product moment correlation coefficient (in the fanfilgrithmetic mean). It
appears therefore that one may construct a composite indexarimization of the sum
of absolute values of Bradley’s coefficient of correlation leetvthe composite index,
and the indicator variables (although any other measure of cmnetaty. Shevlyakov

1997 may also be used). This is to say that we can obta@mXw, such that
T=1|r(|1,xj)|is maximal. This composite index,, will be analogous to the PCA-based

index, |,, that maximizes the sum of squared sum of the Pearson’s cemetficof

correlation between the composite index and the indicator varialles
m o, m 1/2

lp=Xwpimax _ r*(,x;) max _rflpXx)
1= J=

IV. Issues Relating to Maximization Obtaining the PCA-based composite index is
simpler since it has a closed form formula. The (Pearson’sglabon matrix, R is

constructed from X such th& = (1/n) XX where ij X' ] has zero mean and unit

standard deviation. The largest eigenvalillg and the associated eigenvecte) pf R
is obtained. The eigenvector is normalized so Hb{btl.The normalized eigenvector is

used as the weighty,, to obtainl, = Xw,. It is possible, nevertheless, to directly obtain

the composite index,,, by maximizing " rz(lz,xj):IZ:sz. There is no closed

j=1
form formula for obtainingl, = Xw, such that T=1|r(ll,xj)| is maximal. Hence, one has

to directly obtain it by solving the intricate maximization problem.

V. Nonlinear Optimization by Differential Evolution: The method of Differential
Evolution (DE) is one of the most powerful self-organizing, evolutignpopulation-
based and stochastic global optimization methods. It is an outg@iwiie Genetic
Algorithms. The crucial idea behind DE is a scheme for gangrdtial parameter
vectors. Initially, a population of points (p in d-dimensional spaceeiserated and
evaluated (i.e. f(p) is obtained) for their fitness. Then for gamht (p) three different
points (B, P and R) are randomly chosen from the population. A new poigf i@
constructed from those three points by adding the weighted difeereetwveen two
points (W(p-pc)) to the third point (). Then this new point {p is subjected to a
crossover with the current point;Xpwvith a probability of crossover ¢ yielding a
candidate point, say,pThis point, p, is evaluated and if found better thanthen it
replaces pelse premains. Thus we obtain a new vector in which all points arereithe
better than or as good as the current points. This new vector ifouskd next iteration.
This process makes the differential evaluation scheme compsskigrganizing. This
method has been successfully applied for optimizing extremelyneamland multimodal
functions (Mishra, 2007a, 2007b and 2007c).



VI. A Simulation Experiment: We have conducted a simulation experiment to examine
the effectiveness of our proposed method. We have generated a, matmk six
variables, each in 30 observations. The correlation matrix of thesdlea is given in
Table-1. Using these variables, we have obtained two compositeesnbic direct
optimization: the onel(,) relating to the method proposed by us and the othgi (
relating to the PCA. Both of these indices are standardized ihg tise relationship

[, - mkin(lk)]/[mkax(lk)- min(l,)] ;k=1 n so as to make the index values lie

between zero and unity These composite indices serve as refereoeeX does not
contain outliers.

It is interesting to note (see table-1) that dnd by are highly correlated (r =
0.99812), although Bradley weights jwand correlation coefficients X are uniformly
smaller (in magnitude) than the Pearson weight$ éwd correlation coefficients (r).

Next, we introduce outliers to X. Three outliers (ranging betw&® to 10) have
been added to each indicator variablgi{x m) at random locations. Then, using these
(contaminated) variables, the two composite indicggfid b;) have been obtained. The
indices have been standardized as before to lie between zero andrheityesults are
presented in Table-2. All derived composite indices are presented in Table-3.

The root-mean-square (RMS)\/a/n) " I, = 0.06210¢ for our proposed

k:1(|k10 b

method vis-a-vis RMS #(1/n) N (

k=1 \'k20 ~

l,,)? = 0.07306: obtained for the PCA-based

index suggests us that in presence of outliers our proposed methpdrierm better.
As shown in the graph (Fig.1), the fluctuations inalppear to be more than those;i |
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Composite Fig.-1: Composite Indices with and without Outliers
Index [Arranged in an Ascending Qrder according to Iy
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o4 Pearson’s Correlation among Composite Indices
Index lio lsp l1 I
lio | 1.00000| 0.99811 | 0.97723 | 0.96477
0z lp| n.s9811 | 1.00000| 0.97153 | 0.96526
li1| 0.97723 | 0.97153 | 1.00000 | 0.98253
l1 | 0.96477 | 0.96526 | 0.98253 | 1.00000
NIV
5 15 20 25 30 35

Case (Observation)




5 5
5 $ $ 6 $ $
$53555 | $ 5 S | $$&S | # (S !" $$( $ PSSP | $ $B5SS
$I( [ $ms% S wmt &M | & |$"8% [$M8  |$"! | $"&I%N
$(S& | $(1%&" | $%IS(|$(&(' | ( [$#"( | $#Hn&" |SHIH# | $u&#t
|| SHGHE | SHOHE | $H&(( | $"& W& % | $&& |$&$N | $&"H |$& %
" B&H! | S&ENIS((# [SWHS| S |SHN | SH" | SHHTHS $H& (S
# S (# |$&"[$$'S s $ &% [$ &! [$(% |$U(%%
& | $8B# | S STSES| S $&"SH| $ & $# $#  |%&(" |$¢&
C|sm™ $ 14 | S $ #& $1"8 St | SI(S | $1% $#
% | $# [$ " [$!™ [$m | S #%# | $ %%(|$ %H#S | $ &!
$ [$U(# |08 [$1%& |$"s5# | " S&C! | $awHs| SHNS((| $"HH#S
SHS( | SHoomt | SHIN & $&IS | # S |51 (%& | $!"H&%| $1&"$
B (& | $#IS [$!1%3% $ &(! | & |$IS&ES|$ &H( [$"(# |$'#$
SH& [ $°8 % | $"& ( [$% " | ( $%H#&& | $(&%$H $%& (| $ (#&(
| [$185# | $18" [ %S5 [ S18# | % | S %% $$88$ | S (1% | $ (X
$$BSS | $%("S(| PP | S5 | S |SH&&! | $#& &S| S #USE&! $ #U(
References
) *7 %" 8 9
#%1&7.. '&
- 7< $$ 8 5 ) == +7
>> . - 0> >%! .
? 75@ $%& 82 - A B= ? C
53 < 5- % 6
7" 7. 19 8&&
? 75@ $$& 8C 53 B - D 2 < *
A B= - E . -0
"7
? 75@ $%& F /| *? /-0 S -
9 + F 556
S>> > 26(%3((
5=*G=7 EC  %%& 8 - 7
D ?2 - 5 7( 7.1!MN (
9< 4

29 * -/-0

S>>+ +

->




