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Preface

There is now more than twenty years that many authors are considerably intersected in
studying infinite dimensional linear systems with delays in state, control and observation
variables. The delay systems (called also hereditary or systems with aftereffects) represent
a class of infinite-dimensional systems largely used to describe propagation phenomena or
population dynamics. Roughly speaking, the reaction of real world systems to exogenous
signals is never “instantaneously” and it needs some time, time which can be “translated”
into a mathematical language by some delay terms. A distinguished feature of this class
of systems is that their evolution rate is described by differential equations which include
information on the past history. Into a mathematical framework, such systems may be
described in several ways, and we mention, for example, differential equations on abstract
spaces, over rings of operators or functional differential equations. In system theory, we
may use infinite-dimensional, or behavioral based representations. We note that the delay
effects on the stability and control of dynamical systems (delays in the state and/or in
the input) are problems of recurring interest since the delay presence may induce complex
behaviors (oscillations, instability, bad performances) for the (closed-loop) schemes.

The work on delay systems has been mainly done in the finite dimension case.
In the literature we remark that the requirement to use the product space
X = R" x LP([-r,0,R") x R™ for r > 0, n,m € N and p € [l,00) is more in-
creasing (see e.g., [6, Chap. 4] and the references therein). It has been shown that for
appropriate delay operators, namely those given by the Riemman-Stieltjes integrals
of functions of bounded variations n : [—r,0] — L(R"), a given delay system can be
transformed into an equivalent one in X having strictly unbounded control operator
(i.e., its range contains strictly the state space &X'). Fortunately, it is shown by Pritchard
and Salamon [67] that the transformed system belongs to the Pritchard-Salamon class
which considers a certain degree of unboundedness for control operators (see [11] for
more details on this class). This result has been obtained by an approach entirely based
on the concept of the structural operators, introduced by Delfour-Manitius [21] and
Manitius [61]. Such operators attracted the attention of many authors in the eighty
years and played an important role since they provide a particular relationship between
the semigroup associated to the system and its transposed and adjoint semigroups, see
e.g., [20, 22, 23, 58, 67, 73]. Furthermore, they enter naturally into the formulation of

il
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the explicit conditions for controllability and observability of delay systems. Structural
operators have been also used for neutral linear systems, where the reader is refereed to
the book by Salamon [73] for a detailed discussion.

In infinite dimension case, Ichikawa, in his fundamental paper [50], has introduced
a more comprehensive evolution approach for equations with delays in state and control
variables in the Hilbert setting. In particular, he showed that if z(¢) and wu(t) are the
state and the control of the delay system then z(t) = (x(t), x;, us) and u(t) are the state
and the control of an undelayed control equation on X, where x4(0) = x(¢t + ) and
ur(0) = u(t + 0) for 6 € [—r,0], t > 0, are the state and control history functions. Such
a transformation serves in particular in the study of linear quadratic problems for delay
control systems. In fact, since one can easily access to the state of the delay equation
x(t) from z(t) that of the undelayed equation.

Pritchard and Salamon [67] have added a delay observation equation to Ichikawa
delay system. They proved that the coupled system belongs to the Pritchard-Salamon
class and then translated the theory of quadratic problem of this class to the delay
system. The reader is refereed to Bensoussan et al. [6, 7| for more details on the
approaches cited above and for the other references on control delay systems.

The aim of this thesis is two folds. We first improve several results on delay sys-
tems by considering arbitrary Banach spaces and more general class of delay operators
for which the set of Riemman-Stieltjes integrals is a subclass. In fact, we propose a
unified theoretical semigroup approach which does not require the notion of structural
operators, the argument the most used before. In contrast with the autonomous case we
remak that non-autonomous case is not more rigorously studied before. This motivated
us, in the second part of the present work, to introduce a new evolution equation
approach to non-autonomous linear delay systems in Banach spaces.

In recent years, the theory of well-posed linear systems turn out to be the main
tool for the study of infinite-dimensional linear systems which consider some degree of
unboundedness for the control and observation operators. This theory has been started
by Salamon [74, 75], and quite carefully improved by Weiss [90, 92, 93] (we thus call it
Salamon-Weiss class). Furthermore, Weiss [90, 93] introduced a special subclass of those
systems, namely the regular linear systems, for which convenient representations are
known to exist both in time and in frequency domain. It is noted that Pritchard-Salamon
class is a strict subclass of Salamon-Weiss class. Since our study in this thesis depends
essentially on the Salamon-Weiss class we then give, in the first chapter, a background of it.

In Chapter 2, we study observation operators L € L(W'([-1,0],E),F) (E and
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F' are Banach spaces) associated to the boundary control system

%z(t,@) = %z(t,ﬁ), 2(0,0) = ¢(0), =z(t,0)=w(t), t>0, ae.dec[-1,0], (0.0.1)

y(t) = Lz(t,"), t=0, (0.0.2)

in the state space E, := LP(|—1,0], E), control space E and observation space F. We
prove that (0.0.1)-(0.0.2) can be rewritten as a distributed control system with a strictly
unbounded control operator Bg, i.e., Bg takes values in some extension of F, and not in
this space itself, and its semigroup Sg(-) is the left shift semigroup on E,. Next, we study
the space RE r of operators L for which the triple (Qg, fg, L) is issued from a regular
linear system, where Qg is the generator of Sg(-). To this purpose, we introduce the mass
operator

Lz =(L—L)exx for ze€ D(L):={x€ E:exxe D(L)},

where L is the Yosida extension of L with respect to Qg and (exz)(d) = ez for \ €
C, 0 € [-1,0] and x € E. We prove that the regularity of (Qg, O, L) is characterized by
the boundedess of the mass operator IL. on E. We will see also that in the case where the
operator L is given by the Riemann-Stieltjes integral of a function of bounded variation
n: [=1,0] — L(E, F) having no mass at zero, then L € R}, . In this case we will see
that the mass operator IL associated to L is identically null on E. The requirement to
introduce the system (0.0.1)—(0.0.2) comes from the fact that the state trajectory of this
system coincides with the segment v; := v(- +1) : [~1,0] — E. Moreover, if L € R},

and if ¥ = (Sg, @, U, F) denotes its associated regular linear system then v; € D(L) and
Lv, =0, +Fw for ae. t>0. (0.0.3)

With this formula we have separated the history represented by W,( from the future
represented by Fyv. This will replace the role of the structural operators cited above
and mainly serve to give an elegant representation of linear systems with delay in state,
control and observation variables as we will see in Chapter 5.

Perturbation theory for Cp—semigroupsis one of the fundamental tools in evolution
equations (see e.g., [5, 85, 86] and the monograph [33]). Omne of the most interesting
result of this theory is the Miyadera-Voigt perturbation theorem [62, 84]. This theorem
says that if one perturbs the generator of a Cp—semigroup on a Banach space by some
appropriate unbounded perturbations, called Miyadera-Voigt perturbations, then the
sum operator generates a Cy—semigroup given by a variation of constants formula on
the domain of the initial generator. In some applications, e.g., in linear control systems
theory, such a formula is required to be satisfied on the hull space. It has been shown
by Voigt [84] that this is possible for closeable perturbations where one can replace the
perturbation operator by its closure. With the use of regular linear systems theory,
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G. Weiss [93] showed that this formula holds in Hilbert spaces if one replaces the
perturbation operator by its Lebesgue extension.

In Chapter 3, we first extend Weiss’s perturbation theorem to Banach spaces using a
direct approach and the Yosida extensions. Second, we consider the non-homogeneous
equation

#(t) = (A+ B)x(t) + f(t), 2(0)=z, t>0, (0.0.4)

where (A, D(A)) generates a Cy—semigroup 7'(+) on a Banach space X and B : D(A) — X
a linear operator and f € Lj (R, X). Under appropriate assumption on B we show, via
our perturbation theorem, that (0.0.4) has a mild solution z(t) € D(B) for a.e. t > 0

satisfying
xz(t) =T(t)x + /Ot T(t — 7)[Bx(r) + f(7)] dr, t>0, (0.0.5)

where B is the Yosida extension of B with respect to A. This formula serves in the study
of non-homogeneous problems with delays (in particular for linear systems with delay in
state and control variables). In fact, let us consider the delayed equation

(t) = Az(t) + Loy + f(t), z(0) =z, zo=¢, t>0, (0.0.6)

where L € L(W'?([-1,0], X), X) and ¢ € LP([—1,0],X). We can transform (0.0.6) to a
non-homogeneous equation on Xy := X x LP([—1,0], X) of the form (0.0.4). So, we have

then used (0.0.5) to show that the mild solution z(¢) of (0.0.6) satisifies z; € D(L) for
a.e. t > 0, and

x(t) =T(t)r + /OtT(t — 7)[La(7) + Lz, + f(1)] dr, t >0, (0.0.7)

where we have supposed that L has bounded mass operator IL and satisfies some appropri-
ate assumptions. Next, we replace the non-homogeneous term f(t) in (0.0.6) by the control
delay term Ku; where u(t) € U (a control Banach space) and K € L(W'P([-1,0],U), X).
We then investigate the solution of the equation

(t) = Ax(t) + Lay + Kuy, z(0) =2, xo=¢, uy=¢, t=>0. (0.0.8)

If in addition K € Ry, x with bounded mass operator K € £(U, X), then the mild solution
of (0.0.8) satisfies

x(t) =T(t)x + /Ot T(t — 7)[La(r) + La, + Ku(r) + Kuy] dr, t>0, (0.0.9)

where K is the Yosida extension of K with respect to Qp, the generator of the left shift
semigroup on LP([—1,0],U).
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In Chapter 4, we are concerned with the notion of admissibility of observation
operators for semigroups, a very active area of research at the present, see e.g.,
[35, 55, 57, 89, 91] and the references therein. Our main results give conditions for an
admissible observation operator to remain admissible for a perturbed semigroup. We
then call this property the invariance of admissibility of observation. This property has
been first mentioned by G. Weiss [88] for bounded perturbations who has generalized
it to unbounded perturbations in Hilbert spaces [93]. In this thesis, we give a more
detailed discussion on the invariance of admissibility of observation in the Banach setting.
Furthermore, we give the relationship between the Yosida extensions of an operator C'
with respect to a semigroup and its perturbed one. Finally, we will see applications to
delay equations and heat equations.

In Chapter 5, we will deal with the representation of the following delay system

(t) = Az(t) + Loy + Kuy, z(0) =2, z9=1¢, uy=C, (0.0.10)

where the operator A, L, K are as above and C € L(W'([-1,0],X),Y) and D €
L(WP([-1,0],U),Y), Y is another Banach space (the observation space). Our aim is to
reformulate the delay system (0.0.10)—(0.0.11) as a regular linear system.

In a first step, we use formulas (0.0.3) and (0.0.9) to prove that the differential state-input
delay equation (0.0.10) determines a control linear system (77, x, 1 k) on the new state
space X := X x LP([—1,0], X) x L([—1,0],U), and the control space U, where 7, k() is
an appropriate semigroup on X. Further, we show that this control system is represented
by the unique control operator B = (I, 0, 5y)T € L(U, X_,), where 3y is the control
operator associated with the boundary system (0.0.1)—(0.0.2) and X_; is the extension of
X (extrapolated space). On the other hand, we prove that the state trajectory of this
system is given by z(t) = (x(t), x¢, u¢) for t > 0. This state has been obtained by Ichikawa
[50] in the case X = R™ and for particular delay operators using direct calculus. However,
our approach justifies many steps in Ichikawa paper [50].

In the second step, we consider the linear bounded line matrix operator Cp, i := [0 C' D] :
D(Ap k) — Y, where Ap k is the generator of 7 x(t). We prove that the delay system
(0.0.10)—(0.0.11) is reformulated on X, U,Y as

i(t) = Apxz(t) + Bu(t), >0,
y(t) =Crrz(t),  t>0.

Under appropriate conditions on delay operators we show that the triple (A ., B,Cr k) is
regular and generates a regular linear system with feedthrough zero and transfer function

Grx(\) = CexR\, A+ L ey)Key+ Dey for X\ € p(Ap k).
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Furthermore, the observation equation (0.0.11) satisfies the representation
y(t) = Copa(t) + Ca; + Duy

for almost every t > 0, where C' (resp. D) is the Yosida extension of C' (resp. D) with re-
spect to Qx (resp. Qu), and C,, is the mass operator associated to C, supposed bounded.

In the second part of this thesis (i.e., Chapter 6) we will concentrate on non-autonomous
delay systems. The approach is inspirited by that developed in the first part of this
thesis. The major difference is that we can not use resolvent operators (which enter
in the definition of the Yosida extensions) nor either the extrapolation theory which
gives the explication to the unboundeness of the control operators. Here, we replace
this two arguments by the so—called Lebesgue extensions and the approximation by
bounded control operators (already used by Schnaubelt [78] to extend the Salamon—Weiss
theory to the non-autonomous linear systems). At first we study the well-posedness of
non-autonomous state delay equations in L?> phase spaces. It is known that fixed point
theory allows the existence and the uniqueness of the solutions of such equations in the
case when the phase space is C'([—1,0], X). From the control theory point of view it is
interesting to extend those solutions to L*-setting. We provide an example (see Example
6.3.3) in which we have proved that this can not be verified for general state delay
operators. This motivated us to introduce a natural extra condition (H), which says that
delay operators should be non-autonomous admissible observations for the evolution
family defined by the left shift semigroup on L*([—1,0], X). A large class of operators
satisfying (H) is formed by delay operators of the form

0
L(t>f: dg(tae)f(e)v IS O([—l,O],X), t >0,
-1

where the kernel (-, -) satisfies an appropriate assumption (H’). With this condition we
have then extended the solution to Xy = X x L*([—1,0], X). Afterward, we have consid-
ered a (absolutely) regular non-autonomous linear system (7', ®, W, F) on the state space
X, the control space U and the observation space Y. We perturb this system by state and
control delay operators defined by kernels satisfying condition (H’). We then established
that the obtained delay control system determines a (absolutely) regular non-autonomous
system on the state space X := Xy x L*([—1,0],U), thwe control space U and the obser-
vation space Y. Moreover, we have studied the closed-loop feedback system for the delay
system.



Chapter 1

Preliminaries

In the few last years there has been an increasing interest in well-posed linear systems. It is
the most general class of infinite-dimensional linear systems for which unbounded control
and observation operators are considered. This class of systems has been introduced by
Salamon [74] and Weiss [90, 92, 93]. Furthermore, Weiss introduced a special subclass
of those systems, namely the regular linear systems, for which convenient representations
are known to exist both in time and in frequency domain.

It is pertinent to mention here that the class of well-posed linear systems will play an
important role in our representation for delay linear systems. Thus, in this chapter, we
recall some basic fact about such classes.

1.1 Notations

Hereafter, X, Y and U are Banach spaces ( the state, the observation and the control space,
respectively), T := (T'(t))s>0 is a strongly continuous semigroup on X and (A, D(A)) its
generator with resolvent set p(A). The quantity wo(A) :=:= inf,50 1 log [|T'(¢)]| is the type
of the semigroup T (which we denote also by wy(T)). For a fixed Ay € p(A), we denote by
[D(A)] the Banach space D(A) endowed with the graph norm ||z, := ||z|| + || Az|. We
further set R(\, A) = (A — A)~! for A € p(A). The spectrum of A is o(A) = C\p(A). We
denote by L(V, W) the space of bounded linear operators between two Banach spaces V/
and W and L£(V) = L(V,V). The completion of X with respect to the norm |[|z||_; :=
|R(X\, A)z|| for some A € p(A) is called the extrapolation space associated to X and T.
We denote this space by X_;. Note that, the norms || - ||_; are equivalent on X w.r.t.
A € p(A). Henceforth, the space X_; is independent of the choice of A\. The extension of T
on X_; is a Cop—semigroup which we denote by (7T_1(t)):>0 and its generator by A_;. For
more details and references on extrapolation theory we refer, e.g. to [33, Chap2, Section

5]. For 1 < p < oo, we denote by g > 1 its conjugate, i.e. 713 + % =1

1



2 CHAPTER 1. PRELIMINARIES

Let u e LY

loc

(R4,U) and t € R. The truncation P; is defined by

Pou(s) = {u(s), s < t,

0, 5 > 1,

and the right-shift S; is given by

Su(s) {u(s —t), s>t

0, s <t.

loc

The 7—concatenation (7 > 0) of u,v € L (Ry,U), denoted by uv, is the function
udv = Pru+ S, v.

Let E be a Banach space. We regard L? (R, ,E) as a Fréchet space with the topol-

loc

ogy given by the family of semi-norms p,(u) = ||P,u| r», so that LP(R,, E) is dense in
LY (Ry, E).

loc

For a linear operator M : D(M) C X — Y, we define the set

DP(M) :=A{f € Li,.(R+.X) : f(t) € D(M)
fora.e.t >0, and Mf e L} (R,,Y)},

loc

where we set (M f)(t) = M f(t) for f(t) € D(M) and t > 0.

1.2 Control linear systems

A control linear system for T is a family of bounded linear operators ®; : LP(R;,U) — X
such that

Oy (uuv) = T(8)Pru + Py (1.2.1)

for u,v € LP(R,,U) and t, 7 > 0. We denote this system by (T, ®). By the representation
theorem due to Weiss [89, Thm. 3.9], there exists a unique operator B € L(U, X_1), called
control operator for T such that

byu = /t T 1(t —o)Bu(o) do (1.2.2)

for any ¢t > 0 and u € LP(R,,U), where the integral exists in X_;, and the operator B is
given by

1
Bz = Pr% ;‘I)tZ (in X_1) (1.2.3)
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for z € U (also denoting the corresponding constant function).

Conversely, an operator B € L(U, X_1) is called admissible control operator for T if the
map D, defined by (1.2.2) for some t; > 0 has a range in X. The concept of admissibility
is important because it is equivalent to the solvability, in a reasonable sense, of the
differential equation

(t) = Ajx(t) + Bu(t), «(0)==z, t>0. (1.2.4)

More precisely, if B is admissible then for any x € X and any u € LP(R, U), the function
z(+) : Ry — X defined by

z(t) =T(t)x + P (1.2.5)

is continuous (in X)), and is a strong solution of (1.2.4) (in X_;), which we call the state
trajectory of (T, ®) (see [89, Thm. 3.9]). We note that ®,P,. = &, (causality), so that ®,

has an obvious extension to LP (R, U), which be used in the sequel.

loc

1.3 Observation linear systems

An observation linear system for T is a family ¥ = (¥,);>¢ of bounded linear operators
from X to LP(R,,Y’) such that

Uy =V adU,T(1)x (1.3.1)

for z € X and t,7 > 0. We denote this system by (T, ¥). We recall that ¥ is causal in
the sense that P, ¥y = U, for any 7 € [0,7], T > 0. We thus define linear operators
U: X — L (R,,Y) by

loc
PV, =V, for t>0. (1.3.2)
Then V¥, is bounded and satisfies
Ut = Voo QU T(7)x (1.3.3)
for every x € X and 7 > 0. The operator ¥, is called the extended output map of (T, V).

From [88, Thm. 3.3], there exists a unique operator C' € L([D(A)],Y), called observation
operator for (T, V), such that

(Vo) (t) = CT(t)x

for all z € D(A) and ¢t > 0.
Conversely, an operator C' € L([D(A)],Y) is called (p-)admissible observation operator
for A (or for T) if the estimate

/ ICT ()| dt < 72| (1.3.4)
0
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holds for some (hence all) 7 > 0, all z € D(A) and a constant v = ~(7) > 0. We note that
for 7 € (0,79) we can take v(7) = v(79). The space O}, (A) constituted by such operators
(' is a Banach space w.r.t. the norm

||C||O§’,(A) = W1 2x,20 Ry YY) (1.3.5)

see [89] for more properties of this space.
To each C' € OV (A) we associate, via (1.3.4), an observation linear system (T, ¥) such
that the restriction of each Wy, ¢t > 0, on the domain D(A) satisfies

CT(-)xy on [0,t)

0 on [t,+00). (1.3.6)

\I/t:D(A)axOH{

However, it is important for some applications that W, take a form as in (1.3.6) on the hull
space X. Intuitively, this is possible if one can replace the operator C' by some extension.
In fact, in [89, Section 5] Weiss has defined the Yosida extension (or A—extension) C' of
C e L(ID(A)]Y) by

D(C):={r e X : lim CAR(\ A)z exists},

. Ao . (1.3.7)

Cz:= lim CAR\ A)z, x¢€ D(C).

A——+00

From [89, Prop. 5.3], we have C' € £(D(C),Y) and

[D(A)] = D(C) = X,

where D(C') is endowed with the norm

2]l pey == llzllx + sup [[CAR(A, A)xly
A> Ao

for some Ag > 0 such that [Ag,00) C p(A).
The following theorem is known as Weiss’s representation theorem (see [88, Thm. 4.5]
and [92, Section 5]). Here, we present a proof using semigroups technics.

Theorem 1.3.1. Assume that C € O}.(A). Then, {T(-)z:x € X} C D?(C) and
(Vo) (t) = CT(t)x (1.3.8)
for all x € X and almost every t > 0. Moreover,
t ~
[ IeT sl ar <7 falp
0

forz e X, t >0 and a constant v := y(t) > 0.
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Proof. The proof is based on the following result. Let f € LP(R;, X) for 1 < p < 0.
Then,

1
lim —
T—0 T

/ flo)ydo=d = lim A f\) =d, (1.3.9)
0 T

where f is the Laplace transform of f (see [92, Prop. 5.1, Rem. 5.9] for a proof).

Let x,, € D(A) approximating x € X. Then,

R,,Y) (1.3.10)

lim ¥z, = Vo in LV
k—o0

for some subsequence (z,, )ren. On the other hand, since A (\Izox\nk)()\) = CAR(\, A)xy,
for A > wo(A), it follows from (1.3.10), by letting k& — oo, that

—

A (VUoo)(A) = CAR(N, A)z. (1.3.11)
Observe that for 7 € (0, 1] we have

E /0 (W T (B2 ) (o) do = L /t (W )(0)do (1.3.12)

T T

From (1.3.10) and (1.3.12) one can see that

T

lim ! (Vo T(t)z)(0)do = (Vo) (1)

T—0 T 0

for a.e. t > 0. Now, due to (1.3.9), we obtain

lim (TT(D2)(\) = (Tooz)(t) for ae. > 0.
Then, by (1.3.11), we have T'(t)z € D(C) and (V,z)(t) = CT(t)x for a.e. t > 0. The

rest of the proof follows from the estimate (1.3.4). O

1.4 Well-posed linear systems

In the linear systems theory, it is important to study the operation that relates the control
system (T, ®) with the observation system (T, V). Such a relation is defined as follows.
Let F = (F;);>0 be a family of bounded linear operators from LP(R,,U) to LP(R,,Y)
such that

Fir(uv) = Frud (VP u + Fro) (1.4.1)

for u,v € LP(Ry,U) and ¢t,7 > 0. Then, we call ¥ := (T, ®, U, F) a well-posed linear
system with state space X, control space U and observation space Y. The operators [F;
are called the input-output operators. We recall that this operators are causal in the sense
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that F,P, = P,Fy = F, for all 7 € [0,7], T > 0.

This causality property we can now define linear operator Fo., : L (R, U) — L} (R,,Y)
by
PFo =Ty,
so that F, is bounded and satisfies
Foo (udv) = Fooud (Voo @ u + Foov) (1.4.2)

for any u,v € L? (R.,U) and t,7 > 0. The operator F, is called the extended input-

loc

output map of X.

1.5 Regular linear systems

In this section we consider the well-posed linear system ¥ = (T, ®, U, F) on X,U,Y with
control and observation systems repented by the control operator B € £(U, X_;) and the
observation operator C' € L([D(A)],Y"), respectively.

Definition 1.5.1. ( [90, 92, 93]) The well-posed linear system ¥ = (T, ®, U, F) is called
reqular linear system, abbreviated (RLS), if for any v € U, the following limit
1 T
Dv = lir% — | (Fx(xr, -v))(0)do (1.5.1)
0T Jq
exists in Y, where yg, is the constant function equals to 1 on R,. In this case, the
operator D € L(U,Y) defined by (1.5.1) is called the feedthrough operator for 3.

To the (RLS) ¥ with feedtrgouth D we associate the following differential system

(t) = Ajx(t) + Bu(t), =(0)=u=x, t>0,

y(t) = Cz(t) + Du(t).
The function y is called the output (or observation) function of ¥. The operator A, B, C, D
are called the generating operators of X.

Next, we recall the characterization of the regularity of ¥ with respect to its generating
operators. Before showing this we first recall the following definition.

Definition 1.5.2. (a) A transfer function from U to Y is an analytic function G : C,, —
L(U,Y) such that supycc_ [|G(N)]| < 400, where C,, := {\ € C: ReA > w} for w € R.
(b) The transfer function G of 3 is given by

Fott)(N) = GNE(N)

for A € C, and u € LP(R,,U), the space of those function v € L} (R, U) such that

loc

/ e PHu(t)||P dt < +oo.
0
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Theorem 1.5.3. (/92]) The following statements are equivalents.

(i) X is reqular (with feedthrough D and transfer function G).

(ii) There exists A € p(A) such that R(A\, A_1)BU C D(C).
(iii) For any v € U, G(A\)v has a limit when A — 400 (equals to Dv).
In this case, the transfer function G is given explicitly by
G(\) = CR(\ A_1)B+ D, Re()\) > wy(A), (1.5.2)

The triple (A, B, C) is called a regular triple if (ii) of Theorem 1.5.3 is satisfied. We have
to mention that the triple operators (A, B, C'), where A is a generator of a Cy—semigroup
B is an admissible control operator w.r.t. A and C' is an admissible observation operator
w.r.t. A, are not necessarily issued from a well-posed linear system. Because, we have not
in general the existence of the input-output operators F; satisfying (1.4.1) and this even
if the assertion (iii) is satisfied. However, in Hilbert setting, Curtain and Weiss [16] have
given a sufficient condition by assuming, moreover, that the transfer function is bounded
in some right half plan. If the semigroup 7'(-) is analytic then there are some results
concerning the above problem (see, e.g. [79, Thm. 5.7.3]).

Definition 1.5.4. Let A be a generator of a Cy—semigroup T, B is an admissible control
operator issued from the control system (T, ®) and let C' be an admissible observation
operator issued from the observation system (T, W¥). We say that the triple (A, B,C)
generates a (RLS) if there exists an operator Fo, € £(L} (R, U), L} (R,Y)) such that
Y :=(T,®,V,F)is a (RLS).

Theorem 1.5.5. (/93]) Let the triple (A, B, C) generates a RLS X with feedthrough oper-
ator D. Let x(-) and y(+) be the state trajectory and the output function of 3, respectively.

Then z(t) € D(C) and
y(t) = Cx(t) + Du(t) (1.5.3)

for almost every t > 0 and all v € L] (R4, U).

loc

In particular, if ¥ is a RLS with feedthrough D, then ®;u € D(C) for almost every
t >0and u € LY (R,,U). Moreover, the extended output map of ¥ is represented as

loc
follows

(Foou)(t) = CPyu + Duft) (1.5.4)

for almost every t > 0 and all u € L} (R,,U). We note also that the output function of

loc

Y. is given by
y(-) = Voo + Foou (1.5.5)

forx € X and u € L?

loc

(R, U).
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Chapter 2

Regular systems for the shift
semigroups

The left shift semigroup attracted the attention of various authors since it appears natu-
rally when one deals with the study of delay linear systems. In the current chapter, we
are interested in discussing regular linear systems associated with this semigroup. As we
will see in the next chapters, such systems will play a crucial role in our approach to linear
systems with delays in state, input and output variables.

Throughout this chapter E is a Banach space and E, := LP([—1,0], E) for some 1 <
p < co. Now the left shift semigroup Sg(-) := (Sg(t))i>0 on E, is defined by

et +0), —1<0< 4,
(Se(t)) (0) = {0’ BN 2.0.1)
The generator of Sg(-) is given by
Qp with  D(Qg) := {g € W"([~1,0], E) : g(0) = 0}. (2.0.2)

We mention here that p(Qg) = C.
More details on left shift semigroups can be found in [33, I.4.(c), I1.2.(b)].

2.1 The control system for the left shift semigroup

In this section, we introduce a natural control linear system for the left shift semigroup.
If z(-) : [-1,00) — E, then the history of z(-) is the function z(-) : [-1,0] — E defined
by z:(s) = z(t + s) for t > 0. Moreover, we set z, : Ry — E, (z.)(t) = 2 for t > 0.
Let us introduce the maps @, : LP(R, E) — E, such that

{u(t+9), 0> —t,

(®yu)(0) = (2.1.1)

0, o< —t

fort >0, 0 € [-1,0] and u € LP(R,, F).
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Theorem 2.1.1. The pair (Sg, @) is a control system on the state space E, and the
control space E. In particular, if u is the control function of this system and up = ¢ € E,
then the history function ue is the unique strong solution of

0(t) = (Qp)-1v(t) + Bpul(t), t=0,
v(0) =¢

where B € L(E, (E,)_1) is the control system representing ®.

(2.1.2)

Proof. Let 7 > 0 and f,g € LP(R,, E). Then

fE+0+71), 0<t+0+7<T,
0, if not.

(Se(t)®-f)(0) = {

Thus, we have

ft+0+71), 0<t+60+7<T,
(Se(t)®-f + 0ig)(0) =1 g(t +0), t+6>0,
0 if not

:[(bt-‘rr(f?g)](e)'

For the boundedness of ®;, t > 0, we have

=

0 P
focdiron = ([ o o)

up{—t,—1}

< Jul| e (o,0,2)-

This shows that (Sg,®) is a control system on E, and E. Now let u be the control
function of this system and put wy = ¢ € E,. The the function

v(t) = Sg(t) + P = uy (2.1.3)
is the strong solution of (2.1.2) (see Section 1.2 of Chapter 2). O

From the representation formula (1.2.2) we know that the control operator S obtained
in Theorem 2.1.1 satisfies

Qyu = /0 (Sg)-1(t — 0)Bru(o) do

for t > 0 and v € LP(R, E).
Next, we characterize the control operator Gr. To this purpose we will use the notation

ew i =e weFE for A\e C and w € F. 2.1.4
P

The operator ey is bounded from E to E,.
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Proposition 2.1.2. The control operator Sg for the left shift semigroup Sg(-) satisfies
exw = R\, (Qg)-1)Bpw (2.1.5)
forallw e E and X € C.
Proof. 1t is not difficult to show that for pu, A € C we have
ex—e, = (u— AR\ Qg)ex. (2.1.6)
Then, by applying A — (Qg)_1 to the both sides of (2.1.6), one can easily obtain
(A= (Qp)-1)ex = (1 — (QE)-1)en, VA, peC.

Now, take u € C.(Ry, F), the space of continuous functions from R into E with compact
support, and define

By /0 (S)_1(t — )\ — (Qp) 1)erulo) do

fort > 0 and A € C. Since
¢ -
( / ' Su(t — )exulo) d ) (6) = Jro @ (o) do, t 46> 0,
0 f(f M=oty (o) do,  t+60<0,

it follows that fg Sg(t —o)eyu(o)do € D(Qg) and

CiDtu = ()\_QE)/ SE'<Z€—O')€,\U<O')dO'
0
= @tu

for t > 0 and A € C. So, by density, we obtain

b= [ (S5)-1(t = )\ = (@e)-sexu(o) do

fort >0, u € LP(R,, FE) and all A € C. Now, the proposition follows from the uniqueness
of the representation (1.2.2). O

Remark 2.1.3. (a) From the expression (2.1.5) one can remark that the operator G is
strictly unbounded, i.e.,

Range(3g) N LP([-1,0], £) = {0}.

This kind of operators has been studied intensively by many authors, see, e.g., Salamon
[74] and the references therein.

(b) Using the theory of boundary control problems (see [74]) one can see that (2.1.2) is
equivalent to the boundary control problem

D2(t,0) = Zz(t,0), =2(0,6)=((6), t=>0,0¢][-1,0]

BCP
( ) { z(t,0) = u(t).
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2.2 Regular linear systems defined by the left shift

Let fr = —(Qg)_1e0 be the control operator representing the control system (Sg, ) (see
Proposition 2.1.2). Now let us introduce the linear system

0(t) = (Qg)-1v(t) + Bru(t), t>0,
v(0) = ¢, (2.2.1)

where L : W'P([—1,0], E) — F is a bounded linear operator and F' is a Banach space.

In the sequel we shall study the set

Ry p={L € LW'?([-1,0],E), F): (Qg, g, L) generates
a RLS with feedthrough zero }

It is pertinent to mention here that the RLS associated to L € RY; ;. is unique and will
be denoted by ¥ = (Sg, ®, ¥, F) in the sequel.

Theorem 2.2.1. The set RY; ;. is a Banach space endowed with the norm
L]z, . o= 11l er-r0.6).0) + [Fillewe® p)omy F)-

Proof. By definition R% 7 is a subspace of the Banach space O%(Qg). Furthermore, we
have RY, o — OR(Qg), due to (1.3.5). So that, a Cauchy sequence (Ly)nen in R - has
a limit L € O%(Qg) associated to the observation system (Sg, V). Now we prove that
L € R%’F. To this purpose, let (Sg, ®, U™ F") be the RLS associated to L, for each
n € N. Then, (F7),en is a Cauchy sequence in L(LP(Ry, E), LP(Ry, F)). Let F; be its
limit and set

me, — { Slfk‘l/lq)kflf + Slkolfk on [lc = [k — 1, k), k= 1, S, m, (222)

0 on [m,+00)

where fi, ;= f(-+k) and m € N\{0} and S is the right shift (see Chapter 1). Thus, one can
define F; := Fi41, where [t] denotes the integer part of ¢ > 0. Then, it is easy to see that
F, € L(LP(R,4, E), LP(Ry, F)) and, by using (2.2.2), the property of composition (1.4.1)
is well verified with Sg, ® and W. Hence, (Sg, ®, ¥, F) is a well-posed linear system. For
the regularity, we know, by (1.5.1) and causality, that for each n € N,

1T

lim — [ (F{ (X[, -v))(0)do =0, Vv eE. (2.2.3)

0

T—0 T
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On the other hand, by using Holder’s inequality, we have

H/ (F1(x0.7 - (U)dUH
_H/ ((Fy = F) (X0, - daH—i— H/ X[0.7] ° (a)da”
(0 = 0@ de) 4 2| [ @ o)) o

< [0l ~ B e mparmen + 5| | 2000 do|
0

Therefore, it follows from (2.2.3), that
L7
lim— [ (Fx(xr, -v))(0)do = 0.

T—0 T 0

Next, we denote by L the Yosida extension of L with respect to Qg (see (1.3.7)).

Remark 2.2.2. By Theorem 2.1.1, we know that u, is the unique solution of (2.1.2).
Then, for L € R, 5, u, € D(L) for a.e. t >0, by Theorem 1.5.5.

Remark 2.2.3. Let ¥ be the RLS associated to L € RY, . Then, by Theorem 1.5.3-(ii)
and (2.1.5), we have {ey w: w € E} C D(L) and the transfer function G associated to ¥
is given by

G\)=Le, forall AeC. (2.2.4)

Next we characterize the operators L for which the triple (Qg, Sg, L) is regular. To
this purpose, we need the following operator.

Definition 2.2.4. Let L € L(W'*([-1,0], E), F). The following operator

D(L):={ve E: lim Leyv exists}
Aros (2.2.5)
Lv:= lim Leyv forve D(L).

A——+o00

is called the mass operator associated to L.

We note that in general, the mass operators are not identically null. It suffices to take
L to be g, the dirac mass at point zero. Thus, Leyv = v for all v € E and A\ € C. Hence,
L = Idg.

We now state our characterization result.

Theorem 2.2.5. Let L € O%(Qg). The following assertions are equivalent:

(1) The triple (Qg, B, L) is reqular,
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(ii)) D(L) = E.
In this case the mass operator associated to L is given by
L=Ley—Ley forall \AeC. (2.2.6)

Proof. Let A,y >0, A\ # pand z € E. Then

ez — exz
R - = A7
(:ua QE)@)\Z N\ — [ )
due to (2.1.6), and so
lim LuR(p,Qp)exz = — lim Le,z + Leyz. (2.2.7)
p——+00 H—+00

By definition, (Qg, O, L) is a regular triple if and only if eyz = R(X\, (Qg)_1)Brz € D(L)
if and only if L is bounded, due to (2.2.7). In this case we have

Ley=—L+ Ley,  forall \>0. (2.2.8)

We now take A € C and p > 0. Since (Qg, Bg, L) is regular then eyz,e,z € D(L). By
observing that e,z — exz € D(Qg) we then obtain L(e,z — exz) = L(e,z — eyz). Thus
Leyz — Leyz = Le,z — Leyz. Hence, the assertion (2.2.6) follows now from (2.2.8). O

Remark 2.2.6. (a) From the proof of Theorem 2.2.5, the mass operator associated to L
can be also defined by

Lz = (L — L)epx for x € D(L):={z€ E:eyz € D(L)}.
(b) By (2.2.4), the transfer function of the RLS associated to the operator L € RY,  is
given by

G(A\) = Ley—L forall XeC. (2.2.9)

Remark 2.2.7. Let M € L(F,H), L € L(W'?([-1,0], E), F) where E,F and H are
Banach spaces and set P := M L. Then, we have

D(L)C D(P) and Pw=MILw, weD(L). (2.2.10)
Also, we have
D(L) C D(P) and  Pw = MLw, w € D(L). (2.2.11)

The inclusions in (2.2.10) and (2.2.11) becomes equalities when, in particular, M is left
invertible.

Now, if L € RPE,F with the associated well-posed linear system (Sg,®,¥,F) then
P € RY y and the well-posed linear system associated to P is (Sg, ®, MV, MF). If
the operator L is such that (Qg, g, L) is a regular triple then (Qg, Og, ML) is so as well.
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2.3 Main Examples

In this section we introduce an appropriate subset of R% . This class will be the main
and standard source of examples in next chapters. Before that we first fix some notations
that will be used constantly throughout this thesis.

e For a Banach space Z, we denote by BV ([—1,0], Z) the space of all functions 7(-) :
[—1,0] — Z of bounded variation, i.e. the total variation

nl((=7,00) s=sup { 3 In(t;) = nlt;-)ll. =7 =to <tr... <t =0, n €N}

of 7 on [—7,0] is finite for all 7 € [0,1]. Elements of BV (|—1,0], Z) are normalized
throughout this thesis by the requirements n(—1) = 0 and 7(+) is left—continuous on
[—1,0]. Then, by extending 7(-) € BV ([—1,0], Z) by 0 to (—o0,0], n(-) can be also
considered as an element of BV ((—o0,0], 7). We note that |n| is a positive Borel
measure on [—1,0]. Moreover we define

B%([_LO]?Z) = {77 S BV([_LO]:Z) : |77|([_€70]) —0 (5 - O)}

o We set
RSy([~1,0], E,F) := {L € L(C([-1,0], E), F) : 3n € BVy([-1,0], L(E, F))
such that Lf := /0 dn(0)f(0) for f € C([-1,0],E)}.
Remark 2.3.1. Let L € RSy([-1,0], E, F). Since W'?([-1,0], E) — C([-1,0], E), it

follows that L € L(W'?([-1,0], F), F). A special case of L are the operators Md_,,
where r € (0,1], M € L(E, F) and ¢_, is the Dirac measure at —r.

The following Lemma will be very useful in the sequel.

Lemma 2.3.2. ([6, p. 228]) Let p € [1,00) and f : [-1,00) — E. The following three
properties are equivalent

(i) f € Wl([~1,00), B),
(i) fo € CH([0,00), LP([-1,0], E)),
(iii) fo € C([0,00), WHP([-1,0], E)).
The following proposition shows the importance of the class RSy([—1,0], E, F).

Proposition 2.3.3. Let L € RSo([-1,0], E, F). Then (Qg, g, L) is a regular triple.
Moreover, the mass operator associated to L is identically null and

Ley = Ley forall \eC. (2.3.1)
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Proof. Let L € RSy([—1,0], E, F') be defined by n € BVy([—1,0], L(E, F)). First of all
we show that L € O%(Qg). Let z € D(Qg), 0 < a < 1 and ~ := |n|([~1,0]). Then, by
Holder’s inequality and Fubini’s theorem, we obtain

/ |LSx(t)z|Pdt
<[(] u@+www<0%t
<ot [ [ et duio)
=t [ [T heer o adno +of [ [ 100l adno
=t [ [l drdn@) 45 [ [ o) 1eas

< A||=I1% (2.3.2)

where 1% + é = 1. Since 1 has no mass at zero, it follows that for all € > 0, there is
0 < g9 < 1 such that |n|([—ep,0]) < e. Thus, for A > 0,

0 —€0
Lesell < [ edmi@)el + [ e diulo)le]

—€0 -1

< (Inl([=€0,0]) + Inl([=1,0])e™*)]|]
< (e + nl([=1,0))e)[lv]|. (2.3.3)

Since, € > 0 is arbitrary in (2.3.3), it follows that Alirf ||Leyv|| = 0 for all v € E. Hence,

L is identically null. So that, (Qg, B, L) is a regular triple, by Theorem 2.2.5. Finally,
(2.3.1) follows from (2.2.6). O

We now state the main result of this section.
Theorem 2.3.4. The following holds
RSy([-1,0), E, F) C REF.

Proof. Let L € RSo([—1,0], E, F) be defined by n € BVy([-1,0], L(E, F)). It follows,
from Proposition 2.3.3, that (Qg, Og, L) is a regular triple. Now we turn out to show that
this triple generates a RLS. To this purpose, we define the space

Woioe(Re, B) = {g € W,/ (Ry, E) : g(0) = 0} .

We note that this space is dense in L] (R4, E)). Observe, by (2.1.1) and Lemma 2.3.2, that
Pu € C(R,, WHP([-1,0], E)) for all u € WO{’IJZC(RJF,E), where we set (Pou)(t) = Pyu.
Thus, we can define the operator

(Foot)(t) := L®;u for ¢ >0, and ue Wb (R, E).
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First we show that F., satisfies (1.4.2) on Wolﬁ’lﬁc(RJr, E). In fact, let u,v € W()l,’zﬁc(R+a E)
and t > 7. Then, by (1.2.1), we have

[Foo (uQu)](t) = LOt—rsr(uv)
=LT(t—71)0u+ LP; v
= (Vou®ru)(t — 7) + (Fov)(t — 7)
= [Voo®ru + Foov](t — 7).
On the other hand, for ¢t < 7 we have (u<>v)( ) = ujo,r)- Thus, (F (u<>v))( ) = (Foou)(%).

The function F, u is measurable and, by Holder’s inequality, we estlmate

/OTH(FOOu)(t)detg/TH/O dn(0) (@) (0)||Pdt
& / / (@) (0)] 7l (9
<7 /0 /m ax{itﬁl}||U(t+9)||pd|n|(0)dt

where v := |n|([—1,0]). Furthermore, Fubini’s theorem implies

T
/0 o) (8)[Pdt < Al 5

Hence, by density one can extend F,, to a bounded linear operator from L} (R, FE) to
L} (R4, F). Now, to prove (1.4.1) we fix 7 > 0 and we define

loc
Vo= {(%) € Wyl (Ry, E) x Wyt (Ry, E), u(r) = 0}.

This space is dense in L] (R;, E) x L

loc

(Ry, E) and udv € W&,}I;C(R+a E) for all (u,v) €
T
V.. Since the concatenation is continuous w.r.t. both terms, it follows by approximation

that (1.4.1) holds for all u,v € L} (R, E). Thus, (Sg,®,V,F) is a well-posed linear
system which is regular by Theorem 1.5.3. O]

The following corollary can be obtained immediately by combining Proposition 2.3.3
and Theorem 2.3.4.

Corollary 2.3.5. let L € RSy(|—1,0], E, F) and let ¥ be ( by Theorem 2.3.4) the RLS
generated by the triple (Qg, Bg, L). Then the transfer function G of 3 is given by

G(\) = Le, for XeC. (2.3.4)
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Chapter 3

Unbounded perturbations and
Applications

The theory of unbounded perturbations is quite old and started in Hilbert spaces with
results contained, e.g., in Kato [66] and Reed-Simon [71]. Among the various types of
perturbations, see e.g., [33, Chapter III], we focus our attention to that of Miyadera-Voigt
[62], [84]. The results related to this class are originally due to Miyadera [62] with some
extensions due to Voigt [84]. He used them extensively in the study of Schrodinger and
transport equations (see, e.g. [85], [86]). More precisely, the authors of [62, 84| established
established that if one perturbs the generator A of a strongly continuous semigroup on
a Banach space by some appropriate class of unbounded perturbations, called Miyadera-
Voigt perturbations (see Definition 3.1.1), then the obtained operator generates a strongly
continuous semigroup given by a variation of constants formula on the domain of the
initial generator. Moreover, if the perturbation operator B is closeable, then this formula
holds in the entire space, with B replaced by its closure. In the case of non closeable
perturbations G. Weiss [93, Section 7] showed that such a formula holds also on Hilbert
spaces if one replaces the perturbation by its Lebesgue extension. The approach in [93]
uses the concept of feedback theory for regular® linear system in Hilbert spaces. We note
also that Curtain et al. [11, Section 4] have proved a perturbation theorem similar to the
one of Weiss using the Pritchard-Salamon class' of infinite-dimensional linear systems.

In this chapter we propose a perturbation result for strongly continuous semigroups
extending one of G. Weiss from Hilbert to Banach spaces. This perturbation result al-
lows us to establish a new variation of constants formula for non-homogeneous perturbed
Cauchy problems. From this formula we deduce another new one for non-homogenous
functional differential equations with LP—phase spaces in term of Yosida extensions of the
delay operators. Furthermore, we will apply these results to study the mild and classical
solutions of linear equations with delays in state and control variables.

*See Chapter 1 for a definition
TThis class is introduced by Pritchard and Salamon (see [11] for recent results on this class) and it is
small than that of Salamon-Weiss of well-posed linear systems [74, 92]

19
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Before going to details we have first to fix some notations that will be used in the
sequel. For a Cy—semigroup ¥(-) on a Banach space Z and f € L (R,,Z) we denote its

loc
convolution by

(T*f)(t):/otf(t—s)f(s) ds, t>0.

Finally, we preserve all notations listed in the preliminary chapter.

3.1 Unbounded perturbations in Banach spaces

The aim of this section is to improve the well-known Miyadera-Voigt perturbation theorem
(see Theorem 3.1.2). So, our results here can be also considered as a generalization of
Weiss’s theorem in Hilbert spaces.

Throughout this section T'(-) := (T'(t)):>0 is a given Co—semigroup with generator
(A,D(A)) on a Banach space X. Let us start with the following definition (cf. [33,
Section IIL.3 (c)]).

Definition 3.1.1. A bounded linear operator B from D(A) into X is called Miyadera-
Voigt perturbation for A, we denote B € SMV(A), if

/0 |BT()a] dt <~ ||z

for v € D(A) and constants a > 0 and 0 < y < 1.

The following theorem is known as the Miyadera-Voigt perturbation theorem (see e.g.,
(33, Theorem II1.3.14]). This theorem is the key argument for many applications (see the
next section for applications).

Theorem 3.1.2. If B € SMV(A) then (A+ B, D(A)) generates the Co—semigroup T (-) =
(T(t))i>0 on X satisfying

T()=T()+T*BT()=T()+7T *BT(-) on D(A). (3.1.1)
Corollary 3.1.3. Let B € SMV(A) N O (A) forp € [1,00). Then

R(\, A+ B) = R(\, A) + R(\, A)BR(\, A+ B) (3.1.2)
= R(\, A) + R(\, A+ B)BR(), A) B
for A€ p(A+ B) N p(A).

Proof. This corollary follows immediately by taking the Laplace transform in the both
sides of (3.1.1). O

Remark 3.1.4. If (B, D(A)) is closeable then (3.1.1) holds on all X whenever B is
replaced by its closure, see [33, Corollary I11.3.16].
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Next, let B be the Yosida extension of B with respect to A. We will see that (3.1.1)
holds on the hull space X if B € OP(A) N SMV(A) is replaced by its extension B. To
this purpose we will first prove some results concerning the Yosida extensions and a result
on the invariance of admissibility of observation operators under perturbation (see also
Chapter 4 for more details on this invariance).

The following proposition has been proved in [78, Prop. 2.11] for evolution families and
Lebesgue extensions. Here we prove a similar result for semigroups and Yosida extensions.

Proposition 3.1.5. Let B € O%(A) forp € [1,00). Then T % f € DP(B) and
IB(T * F)ll ooty < (@)l Fllze(o.a,x (3.1.3)

fora >0, felL] (Ri,X) and c(a) > 0 independent of f. Moreover c¢(a) — 0 as a — 0
and p > 1.

Proof. Let f € L} (R;, X) and A be sufficiently large. Then we have
IBAR(A, A)(T * f) / ||/ BARO\, AYT(t — 8)f(s) ds||” dt
< i / / |BT(t — s)AR(X, A) f(s)||F ds dt
0 0
gozZ/Oa /a IBT(t — AR, A) f(s)||” dt ds
Sozz/a /a IBT(H)AR(X, A) f(s)||P dt ds

P

oty /H)\R)\A 9P ds

< aiy(a)? 112 (0.00,50)

by Holder’s inequality and Fubini’s theorem. By replacing BAR(A, A) in the above esti-
mates by the difference BAR(\, A) — BuR(u, A) for large p and A, one can see that the
left side term converges. This implies that T"x f € DP (B) Moreover, by passing to the
limit as A — +o0o we then obtain

IB(T * H)llro.t.x) < )| fllro.al.x
with ¢(a) := aéfy(&). It is clear now that ¢(a) — 0 as o — 0 for p > 1. O

The following lemma shows the invariance? of the admissibility of observation operators.

Lemma 3.1.6. The following inclusions hold
O%(A) c SMY(A) C O%(4), 1<p<co. (3.1.4)

Furthermore, if B € SMV(A) N O%(A) for p € [1,00) then B € O% (A + B).

In Chapter 4, we prove more general results on the invariance of admissibility
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Proof. The inclusions (3.1.4) follow immediately by Holder’s inequality. We now turn out
to show the second assertion. We know that A+ B generates a strongly continuous semi-
group 7 () on X (see Theorem 3.1.2). The case p = 1 is proved in [33, Corollary I11.3.16].
For 1 < p < oo, B € O%(A). Due to (3.1.1) and Proposition 3.1.5, we have

/Oa |BT (t)z||P dt < p (/Oa \|BT (t)x||P dt + /Oa |B(T « BT (-)z)(t)|| dt)
gqnmwwﬂp+%daV[fHBT@MWdt

for x € D(A) and some constant ¢, > 0. Since lir%c(a) = 0, one can choose ap > 0 such
that c,c(a)? < 1 for a € (0, ap). Hence,

@ p
/|W7@w%ﬁsiﬂ9mep
0 1 - CpC(O‘)

for a € (0, 9) and = € D(A). This ends the proof of the lemma. O
The main result of this section is the following theorem.

Theorem 3.1.7. Let B € SMV(A)NO% (A) forp € [1,00). Then (A+B, D(A)) generates
a Co—semigroup T () on X satisfying

{T(x:xe€e X} C Dp(f), and (3.15)

T()=T()+T+«BT()=T+Tx*BT(-) on X.

Proof. Let B € SMV(A) N O%(A) for p € [1,00) and let, by Theorem 3.1.2, 7 (-) be the
Co—semigroup generated by A + B on X. By Theorem 1.3.1, the operator family

T()=T()+7T*BT()

is well defined on all X. Since BT(-) = BT(:) on D(A), it follows from (3.1.1) that
T(-) = T(-) on D(A). By Hélder’s inequality and Theorem 1.3.1, 7 (t) € £(X) for all
t>0. Thus 7 (t)z = T (t)x for all z € X and t > 0.

To prove the second equality for 7(-), let B’ be the Yosida extension of B with respect to
A+ B. Due to Lemma 3.1.6, (3.1.1) and the same arguments as above one can see that

T()=T()+T*BT(-) on X. (3.1.6)

By (3.1.6), Theorem 1.3.1 and Proposition 3.1.5, it follows that {7 (-)z : € X} C DP(B).
Next, we show that T« B'T(-) = T % BT(-) on X. Since B'T(-) = BT(-) = BT(-) on
D(A), it follows that T %« B'T(-) = T %« BT(-) on D(A). Thus, the claim now follows
from the fact that the operators T« B'T(-) and T s BT (-) are linear bounded from X to
P (Ry, X). O

loc

The following proposition gives further properties of the perturbed semigroup.
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Proposition 3.1.8. Let B € SMV(A) N O%(A) for p € [1,00) and let T(-) be the Co—

semigroup generated by A+ B. Then T x f € DP(B) and

IB(T * )|l eqo.ag,x) < € (@) fllLr(o.a1.x) (3.1.7)

for a >0, f e L} (Ry,X) and () > 0 independent of f. Moreover /(o) — 0 as

loc

a—0andp>1.

Proof. Let B € SMV(A)NO% (A) for p € [1,00) and let 7 (-) be the semigroup generated
by A+ B. Let B’ be the Yosida extension of B with respect to A+ B. Observe that, for
t > 0, the function [0,0] x [0,0] 3 (¢, s) — B'T(t — s)f(s) is measurable if f belongs to
the subspace

Dy =span{p(-)T(-—r)x:x € D(A),r >0, p € C.(Ry), p(t) =0for 0 <t <1},

where we set 7 (t—s) := 0 for t < s (which is dense in L}, (R, X), see [13, Theorem 3.12]).

So, by density, it is measurable for f € LP (R, X). We thus define the function

loc

g(t) = /0 t B'T(t — s)f(s)ds

fort > 0 and f € L} (R, X). On the other hand, Fubini-Tonelli’s theorem and Theorem
1.3.1 imply that

[Tisow <ot [ [ 13709560 asa
—at [* 1B T 95 at s
_ aé’/oa /OM BT (o) f(s)| do ds
< @19 £l o (o,01%) (3.1.8)

for % + % =1, a > 0, and some constant 7 = y(a) > 0. Then, by (3.1.6) and Fubini’s
theorem, we obtain

(T*f)(t):(T*f)(t)—i—/o T(t—r)/OTE’T(T—s)f(s) ds dr
:(T*f)(t)+/0 T(t—T7)g(T)dr

= [T*(f+9)]?) (3.1.9)

for all £ > 0. Thus, by Proposition 3.1.5, we have 7 * f € DP(B). Further, the estimate
(3.1.7) follows from (3.1.3), (3.1.8) and (3.1.9). O
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3.2 Non-homogeneous perturbed Cauchy problems

In this section, we consider the non-homogeneous Cauchy problem
t(t) = Az(t) + Bx(t) + f(t), t>0,
z(0) = =,
where A generates a Cy-semigroup 7'(+) on a Banach space X and B € SMV(A) N O% (A)
and f € L} (R, X) for p € [1,00).
We have seen in Theorem 3.1.7 that (A + B, D(A)) generates the Cy—semigroup 7 (-)
on X. Thus, the mild solution of (3.2.1) for each z € X and f € L} (R, X) is given by

(3.2.1)

loc

x+/Tt—J o)do, t>0 (3.2.2)

(cf. [33, Chapter VI, Section 7]). If the function z(-) : Ry — X is continuously dif-
ferentiable with z(t) € D(A) and satisfies (3.2.1), w is called the classical solution of
(3.2.1).

In the following theorem we will see that the abstract results obtained in the pervious
section (Theorem 3.1.7 and Proposition 3.1.8) allow us to establish a new variation of
constants formula for the mild solutions of (3.2.1) in terms of the initial semigroup 7°()
and the Yosida extension B of B with respect to A.

Theorem 3.2.1. The mild solution x(-) of (3.2.1) satisfies x(-) € DP(B) and is given by
the variation of constants formula

x(t) =T(t)z +/O T(t — 0)[Bz(0) + f(0)]do, t>0. (3.2.3)

Proof. We first suppose that z € D(A) and f € C'(Ry, X). Then, the function z(-) given
by (3.2.2) satisfies z(t) € D(A) and

2(t) = T(t)z + /0 t T(t — 0)[Bx(o) + f(0)]do, t>0. (3.2.4)

Since Bz(t) = Bx(t), () satisfies (6.3.13) as well.

Now, for x € X and f € L} (R4, X), let the corresponding mild solution z(-) be given by
(3.2.2). Take also z,, € D(A) and f, € C*(R,, X) approximating z and f respectively.
By the first step, the mild solutions z,(-) of (3.2.1) corresponding to x,, and f, are given
by (3.2.2) and satisfy (6.3.13). Let a > 0 be fixed. Using Holder’s inequality and (3.2.2)
one can see that x,(t) — «(t) for t € [0,a]. Since z(-) is given by (3.2.2), it follows by
Theorem 3.1.7 and Proposition 3.1.8 that x(-) € D?(B). Observe again by (3.2.2) that

B, (") — Bx(-) = BT (-)(z, — ) + B[T* (fn— 1)l
Hence, by Theorem 3.1.7 and Proposition 3.1.8, one has
1B () = Br()loo.ax) < (@) |len = zllx + v2(@) | fa = fllzogo.ax)

for constants 7 (a),v2(a) > 0, which tends to zero as n — 0o. Consequently, this shows
that z(-) satisfies (6.3.13). O
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3.3 Non-homogeneous delay equations

In this section we shall apply our abstract perturbation theorems (i.e., Theorem 3.1.7 and
Theorem 3.2.1) to non-homogeneous functional differential equations. So, we will see that
the mild solutions of such equations satisfy a new variation of constants formula expressed
in terms of two appropriate operators, namely the Yosida extension of the delay operator
with respect to the left shift semigroup and the mass operator associated to the delay
operator (see Definition 2.2.4).

Before going into details, let us first recall some notations that will be used hereafter.
We denote by Sx(-) the left shift semigroup with generator Qx on X, := LP([-1,0], X)
(see (2.0.1) and (2.0.2)). The mass operator associated to an operator L is denoted by L
(see Definition 2.2.4 and Remark 2.2.6 (a)).

Consider the non-homogenous delay equation

{x(t) = Ax(t) + Lz, + f(t), t>0, (3.3.1)

z(0) ==z, x=,

where A generates a Cy-semigroup 7(-) on a Banach space X, the history function is
x; := x(- + t), the initial conditions z € X, ¢ € LP([-1,0],X), 1 < p < oo, the delay
operator L : W'?([—1,0], X) — X is linear and bounded and f € L} (R, X).

loc

In the sequel we denote by (DFE) the homogeneous delay equation associated to (3.3.1)
(i.e., when f =0). It is shown in [4] that the delay equation (DFE) is equivalent to the
abstract Cauchy problem

Ut) = AU(t), t>0,

©P) { (6) = AUt), 1+
u) = (%)

on the space Xy := X x X, endowed with the norm ||(7)||x, := ||lz|| + || f||p, where Ay is

given by

AL = (A f) D(AL) :=={(F) € D(A) x W"([-1,0], X) : f(0) ==}.  (3.3.2)

0 &

From [4] (see also [5, Chapter 1]) we know that the operator Ay generates a Cp—semigroup
71(-) on Xy whenever the delay operator L satisfies the following Miyadera condition

/0 LT+ Sx DI d < <0 ()l (M)

for (7) € D(AL) and constants @ > 0 and 0 < g9 < 1. Here, T; € L(X, LP([-1,0], X))
denotes the operator defined by

T+ 0z, —t<6<0,
0, —-1<60 < —t,

(Tix)(0) = {
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forz € X and ¢t > 0.
We recall from [4] that the operator

A (A 2) . D(A):= D(Ay),

0 4

is the generator in Xy of the Cy-semigroup

Tot) = (TT(? Sf(t)), £>0. (3.3.3)

Now, let £ be the operator defined by

= (8 g) D(L) = D(A).

Observe that the condition (M) is equivalent to £ € SMV(A), so that the delay semigroup
T.(+) satisfies for all (7) € Xp,

%()(?) € ]D)l(ﬁ), 3'4)
T.()(F) = T0)(F) + T« LT () 5)
where £ is the Yosida extension of £ with respect to A, due to Theorem 3.1.7.
We now introduce the following admissibility assumption
| M@ ss@nip dr <o 1), (1<p<o0) (M,)
0

for () € D(AL) and constants a > 0 and v > 0. Observe that the condition (M) is
equivalent to £ € O%, (A).

The following lemma gives an explicit expression for the Yosida extension £ of £ with
respect to A.

Lemma 3.3.1. Assume that L has a bounded mass operator I in X. Then

D(L)=XxD(L) and L= (HS g) : (3.3.6)

Proof. By taking the Laplace transform in both sides of (3.3.3) we obtain

[ R\ A) 0
R(A,A) = (6A T QX)) (3.3.7)
for A € p(A). Thus,
LAR(M, A) = (L‘””;(A’A) “R(S’ QX)) . AeplA). (3.3.8)
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Since L is bounded in X it follows, by the uniform boundedness principal, that k :=
SUPysy, [|Lex]| < +oo for some Ag > 0. On the other hand

|LexAR(A, A)z — Lz|| < ||[Lex(AR(A, A)x — x)|| + || Lexx — Lz||
< k|| AR\, A)z — || + || Lexz — Lz||

for all x € X and A > \g. Hence, /\lim LexAR(A\, A)x = Lz for all x € X. Therefore, the

— 400
lemma now follows from (3.3.8). O

The equivalence of (DE) and (CP) gives us that for a mild solution z(-) of (DE) we
have

("0) =T.(t)(%), t=0, (3.3.9)

for every x € X, ¢ € LP([—1,0], X), see [4].

Throughout the following we only use the condition (M,) for 1 < p < oo (since in
control theory p = 2 is the most used case and since it is satisfied in the applications, see
Example 3.3.8). Our perturbation theorems (Theorem 3.1.7 and Theorem 3.2.1) provide
us now the following result.

Proposition 3.3.2. Assume that L satisfies (M,) for 1 < p < oo and has bounded mass

operator . Then, for each mild solution xz(-) of (DE), we have x4 € DP(L), and
t
z(t) =T(t)r + / T(t —7)[La(r) + La,| dr, t >0, (3.3.10)
0
t
zy = Tyx + Sx(t)p + / T, |Lx () + L] dr, t>0. (3.3.11)
0

Proof. Let (;i) € X and take the corresponding mild solution z(-) of (DFE). Then, by
(3.3.9), (%) =T.(t)(%). By (3.3.4) and Lemma 3.3.1, we have z, € DP(L), and using
the formula (3.3.5) one can see that z(-) satisfies (3.3.10) and (3.3.11). O

Remark 3.3.3. If we replace, in Proposition 3.3.2, the condition (M,) by (M;) then we
obtain the same results with z, € D'(L).

The following lemma will be used in many parts of this thesis.
Lemma 3.3.4. Assume that L has bounded mass operator I. on X. Then
Lf =Lf+1Lf(0)  foral fe D(L)NWY(-1,0],X). (3.3.12)

Proof. Since f — ey f(0) € D(Qx), one can write L(f — eo f(0)) = L(f — e f£(0)). Thus,
by Theorem 2.2.5, we obtain Lf = Lf + (Ley f(0) — Leo f(0)) = Lf +Lf(0). O

Following [4] the classical solutions of (DFE) are defined in the following sense.

Definition 3.3.5. We say that a function z(-) : [-1,00) — X is a classical solution of
(DE) if
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(i) 2(-) € C([~1,00), X) N C([0, 00), D(A)),
(ii) =, € Wh?([-1,0], X) for all t > 0,
(iii) z(-) satisfies (DE) for all t > 0.

Corollary 3.3.6. Assume that L satisfies (M,) for 1 < p < oo and has bounded mass
operator L. Let the initial conditions () € D(A). Then (DE) has a unique classical
solution satisfying

x(t) =T()r + /OtT(t —s)Lxgds, t>0. (3.3.13)

Proof. The existence and uniqueness of the classical solution follows from the equivalence
between (DE) and the Cauchy problem (C'P) (see [4]). Now, since z; € WHP([—1,0], X)N

D(L) for a.e. t > 0, it follows from (3.3.10) and (3.3.12) that x(-) satisfies (3.3.13). [

Remark 3.3.7. Each classical solution of the delay equation (DFE) satisfies the formula
(3.3.10). So, it is more convenient to call a mild solution of (DE) a function z(-) satisfying
(3.3.10).

Example 3.3.8. Let L € RSy([—1,0], X, X) be defined by a function of bounded variation
n € BVy([—1,0], L(X)) (see Section 2.3 of Chapter 2 for definitions). It is known from [4]
that L satisfies the Miyadera condition (M;) in X, for p > 1. Recently, the authors in [60]
showed that (M;) holds also for p = 1. Here, we will see that (M,) holds for p > 1 (and
then £ € 0% (A) € SMV(A), by (3.1.4)). To this purpose, let () € D(A), a € (0,1)
and 7 := |n|([—1,0]). Then, due to (2.3.2), we then obtain

/ LT+ Sx(0) )P de
0
< c/ |L(Tyx + Sx(t)eox)||” dt+c/ |LSx (t)(f — eox)||P dt
0 0

<car? [ sup (T + Sx(t)eas) O)|P dt + |  coely
0 —1<6<0

< Cl@)(ll=]l + [111lp)"
for some constants ¢, C'(a) > 0. Moreover, Proposition 2.3.3 yields that L = 0.

Finally, we prove a new variation of constants formula for the inhomogeneous delay
equation (3.3.1).

Theorem 3.3.9. Assume that L satisfies (M,) for 1 < p < oo and has bounded mass
operator L. Let () € Xy and f € L} (Ry, X). Then the mild solution x(-) of the delay

- “loc

equation (3.3.1) satisfies x4 € DP(L) and

z(t) =T(t)r + /OtT(t — 0)[Lz(0) + Lz, + f(0)]do, t>0. (3.3.14)
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Proof. First, we transform the delay equation (3.3.1) into the following problem

i — @) >
{w(t) .Awa(t)Jr( ), t>0, (33.15)
w(0) = ().
The mild solution of (3.3.15) is given by
t
w(t) = (41) = Tut)(%) +/ To(t—o) (M) do,  t>0. (3.3.16)
0

Theorem 3.2.1 implies that w(-) € DP(L£) and

w(t) =To(t) (%) —I—/Ot’]a(t—a)[ﬁw(a) + (f(o"))]da, t>0.

Consequently, using the expression (3.3.3) and Lemma 3.3.1 , one can see that x(-) satisfies

ze € DP(L), zo = v(-) and the variation of constants formula (3.3.14). O

Remark 3.3.10. If we replace the condition (M,) by (M;) in Theorem 3.3.9, then we

obtain the same conclusions with z, € D'(L).

3.4 Mild solutions of systems with state and control
delays

In this section we are interested in studying the existence of the classical and mild solutions
of the linear system with state and input delays

o(t) = Ax(t) + L K t>0
{:c() o(t) + Lay+ Kui,  £20, 3.41)

2(0) =z, xo=, u =g,

where A is the generator of a Cy—semigroup 7' on a Banach space X, the delay operators
Le L(Wh([-1,0],X),X) and K € L(W'?([-1,0],U), X), U is another Banach space,
x; and u; are the state and input histories functions.

The problem (3.4.1) has been studied by various authors for more than twenty years.
However, most of results are obtained in the case of finite dimension state and input spaces.
Thus, the delay operators L and K are represented by Riemann-Stieltjes integrals. A large
part of this theory is stated in the Monographs by Bensoussan et al. [6, 7]. Here in this
chapter we look at the Banach space setting and for more general delay operators. Our
approach here will be based on Theorem 3.1.7 and our theory developed in Chapter 2 for
the left shift semigroup.

Remark 3.4.1. It is pointed out that the expression Ku; is not well defined for general
input v € Lj, (Ry,U). Fortunately, it is well defined if K € Rf; y is replaced by its

loc
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Yosida extension with respect the left shift semigroup Sy(-) (see Remark 2.2.2). Note
that if K € R,y then, by Theorem 2.2.5, we have D(K) = U, where K is the mass
operator associated to K. Thus, the function g = Ku(-) + Ku, is well defined and belongs
to LP (R,, X). Moreover, this function equals to Ku, if in addition u; € W'?([-1,0],U)

loc

for all t > 0, by Lemma 3.3.4 .
We introduce the following definition.

Definition 3.4.2. Assume that u € Wol”l’;C(RJr,U) and ¢ € D(Qu). A function z(-) is
called a classical solution of (3.4.1) if

() 2(-) € C'(R,, X) N C([~1, 00), X),
(ii) x(t) € D(A) and z, € W'P([—1,0], X) for all ¢ > 0,
(iii) z(-) satisfies (3.4.1).

Let K € R’['}’ + and suppose that the mass operator of L is bounded and that x(-) is
a classical solution of (3.4.1). We have u; = Sy(t)¢ + ®u € WhP([—1,0],U) N D(K),
by (2.1.3), Remark 2.2.2 and Lemma 2.3.2, where ®, is defined by (2.1.1). Now, Lemma
3.3.4 and Remark 3.4.1 imply that Lz, = La(t) + Lz, and Kz, = Ka(t) + Kz, This

motivated us to introduce the following definition of mild solutions of (3.4.1).

Definition 3.4.3. Assume that L has a bounded mass operator L. Let K € R{; x, = €

X, ¢ € X, and ¢ € U,. A function z(-) : [-1,4+00) — X satisfying z, € D?(L) and
t
z(t) =T(t)x + / T(t — s)[La(s) + Lzy + Ku(s) + Kuy) ds (3.4.2)
0

for ¢t > 0, is called mild solution of (3.4.1).
The following result shows the existence of the mild solutions of (3.4.1).

Theorem 3.4.4. Assume that L satisfies (M,) for 1 < p < oo and has bounded mass
operator L. Let K € R&X, (fﬁ) €Xy, (€U, andu e LY (Ry,U). Then, there exists a
mild solution x(-) of (3.4.1) satisfying

(*0) = T(t)(5) + /OtTL(t — 3)(Ku(s)5rffus) ds, t>0. (3.4.3)

Proof. Let (7) € Xy, ¢ €U, u€ L}, (Ry,U) and K € Ri.x- Then, by Remark 2.2.2,

we have u;, € DP(K) for t > 0 (since u, is the state trajectory of the regular linear system
associated to K).
Now, let us first assume that ¢ € D(Qu) and u € WOI,’Z{’)C(RJ”U). Then, from (2.1.1),

(2.1.3) and Lemma 2.3.2 we deduce that u; € D(K)NW'?([—1,0],U). Hence, by Lemma
3.3.4, we have Ku; = Ku(t) + Ku; for t > 0. Now, since K is bounded (see Theorem
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2.2.5) it follows that f = Ku, € L} (R4, X). So, from Theorem 3.3.9, we deduce that
the mild solution x(-) of (3.4.1) satisfies (3.4.2) and (3.4.3).

Next, let ¢, € D(Qu) and u"(:) € Wol”lﬂc(RJF,U) approximating ( € U, and u €
LP (Ry,U), respectively. We define

loc

n(9) ut(t+0), —t<0<0,
Uu =
' (E+0), —1<60<—t

for ¢ > 0. Let, 2"(-) be the mild solution corresponding to u™ and (,. Thus, by the first
step 2"(-) satisfies (3.4.2) and (3.4.3). We now set w,(t) := (z"(t),z?)T for t > 0. Let
w(t) = (z(t),a(t))’, t > 0, be the right hand sides of (3.4.3), let a > 0 be fixed. Next,
we claim that w,(-) — w(:) in L?([0.a], X)) as n — oo. To this purpose, let F., be the
extended output map of ¥ = (Sy;, ®, ¥, F). Then, by (1.5.5), we obtain

KU — K|l oo x) = [[Woo(¢" =€) + Foo(u” — u)|| o (0,003
< c1(to)|Gn — Cllo, + c2(to)llu™ — ullzeqorry  (3.4.4)

for ty > 0 and constants ¢;(ty),ca(ty) > 0. Next, we set g, = Ku®(-) + Kul and
g := Ku(-) + Ku,. Then, by (3.4.4) and the boundedness of K we have g, — ¢ in
LP([0,a], X) as n — oco. So

[wn(-) = w( )l Lro.al ) < c(@)llgn = gllLr(0.0),x)

for a constant c¢(a) > 0. Thus, w,(-) — w(-) in L?(][0.a], X)) as n — oo. Now, since
LP(]0,a], Xy) = LP([0,a], X) x LP([0,a] x [—1,0], X) then we can extract subsequences
(x™(t))s, and (z;*(0))r which converging, respectively, to z(¢) and [« (¢)](f) in X for a.e.
(t,0) € [0,a] x [-1,0]. For t +6 > 0, we have z;*(0) = 2" (t + 0) which converges to
z(t + 0) in X. Therefore, a(t) = z; in LP([—1,0],X) a.e. t € [0,a]. Since w(-) verifies
(3.4.3), then it is continuous. Thus «(t) = xz; for all t > 0. Now, by Theorem 3.2.1 and
Lemma 3.3.1, we obtain that x(-) satisfies satisfies (3.4.2). O

Remark 3.4.5. The results of Theorem 3.4.4 remain true if we replace the condition
(M,) by the condition “(M;) and p = 1”. In fact, since we need in the proof only the
isomorphism L'([0, a], Xy) = L*([0, a], X) x L'([0,a] x [-1,0], X).

As a consequence of Theorem 3.4.4 and Remark 3.4.1, we have the following expression
of classical solutions of (3.4.1).

Corollary 3.4.6. Assume that L satisfies (M,) for 1 < p < oo and has bounded mass
operator L. Let K € Ry, x. Then, every classical solution of (3.4.1) is a mild solution.
Furthermore,

z(t) = T(t)xr+ /OtT(t — 8)[Lxs + Kuglds, t>0,

z(o) = (o), -1<o<0.

(3.4.5)
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Proof. Let x(-) be a classical solution of (3.4.1). Thus, z, € W'([~1,0], X) N D(L) for
a.e. t > 0. Hence, Lz; = Lx(t) + Lz, for a.e. t > 0, by Lemma 3.3.4. On the other hand,
let 3 := (Sy, @, U, F) be the regular linear system associated to K. Since u € WO{’;’(R% U)
it follows by (2.1.1) and Lemma 2.3.2 that ®;u € W?([-1,0],U). Now, from (2.1.3) and

the fact that u, € Ry, we have u, € W'?([-1,0],U) N D(K) for a.e. t > 0. Hence,
Ku; = Ku(t) + Ku, for a.e. t > 0, by Lemma 3.3.4. O

The following result gives a sufficient condition for the existence of a classical solution

of (3.4.1).

Theorem 3.4.7. Assume that L satisfies (M,) for 1 < p < oo and has bounded mass

operator. Moreover, we assume that K € R’&X has a bounded extension to U, and (;ﬁ) €
D(AL). Let u € W2P([-1,00),U). Then, the mild solution x(-) of the delay system

loc
(3.4.1) is a classical solution.

Proof. Since Lu € WiP([=1,00),U), it follows from Lemma 2.3.2 that the function

(4u). € C(Ry, W'r([=1,0],U)). On the other hand, the function u. is a solution of

(BCP) (see Remark 2.1.3 (b)). Thus

(S)(0) = (oo)(0) = it + ) = (Fu)(o).

for o € [-1,0.  Therefore, the function %u, = (%u); and then wu, €
C' Ry, W'P([-1,0],U)). Since K € Ry y, by Remark 2.2.2, it follows that u, €
D(K) N W'([=1,0],U) for a.e. t > 0. From Lemma 3.3.4, Ku; = Ku(t) + Ku, for
a.e. t > 0. Thus, the result is obtained by using the fact that the function f = Ku,
belongs to C*(R,, X). Then w(t) = (z(t),z;)" is the classical solution of (3.3.15). Now,
it is clear that x(-) is a classical solution of (3.4.1). O

3.5 Example: A population dynamics with delays in
state and control variable

We consider the Lotka-McKendrick’s equation with delay in state and control

dult,a) + Oaltia) _ —p(a)z(t,a) — a(a)z(t —r,a) + n(a)u(t —r,a), t,a=0,

ot L da
(DP)§ w(t,0) = / B(a)a(t,a)da,  t>0,
0
x(s,a) = ¢(s,a), se€[-1,0], a>0,

where r € [0,1] and the functions p,a,n,8 € L>®(R,;) and are positives. Thus, the
problem (DP) describes the dynamic of a single species population where the variable
x(t,a) is the density of individuals of age a > 0 at time ¢ > 0. The functions p and «
represent death rates caused by natural death where the second one depends on delay
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r due to pregnancy, 7 is the death rate caused by harvesting (assumed depends also on
delay) and (3 is the fertility rate. In the literature there is several applications of such
model in population dynamic as well as in economy, see ,e.g., [18], [49], [28], [87] and [34].
Let consider the state space X := L'(R,). Now, we define the following operator

A= —% + M, with D(A):={z € WH'(R,), z(0) = T'sz},

where
+oo
Mpx(a) := —h(a)x(a) for h € {u,a,n}, a >0, and Fpr = / B(a)z(a) da.
0

We define the essential range of M), by
hess(Ry) :={s € Ry, mes{a € Ry, |h(a) —s| <€} #0 for all € > 0}.

Then, hess(Ry) is bounded in Ry, for all h € {u,a,n}. Hence, by [33, Prop.1.4.10],
My, € L(X) and || M}|| = ||h|| for all h € {p, o, n}. The state and control delay operators
L and B are defined by

L:=M,j_,, K = M,o_,
and the input v € U := L'(R;). The operator (A — M,, D(A)) can be written as
a Desch-Schappacher perturbation of the derivative operator —% with domain {z €

WHL(R,), z(0) =0} (see, e.g., [33, Sect. I11.3] for definition). This later generates the
right shift semigroup on X. Since M, € £(X), one can deduce that (A, D(A)) generates
a Co-semigroup (7'(t))+>o of contractions on X (see, e.g., [28] for a proof).
By the boundedness of M, and M,, we have L € R x and K € Ry x, see Theorem
2.3.4. Furthermore, it is not difficult to show that for ||a|/, < 1, the operator L satisfy
(My). If we assume furthermore that 0 ¢ qess(Ry) N 7ess (R4 ), then by Remark 2.2.7, we
obtain

L— {O if r € (0,1], and L= MG

Myey ifr=0

where 0_, is the Yosida extension of §_, with respect to the left shift. The same expressions
for K and K with M, in stead of M, hold. Thus, one can conclude, via Remark 3.4.5,
that if the input function v € L}, ([0,00),U), the control equation (DP) which is given
by (3.4.2).

Remark 3.5.1. If the control delay operator K is replaced in (P D) by the operator given
in Example ??, then the classicl solution exists for input function v € W, ([~1, 00, U)
and ¢(0) € D(A), by Remark 3.4.5 and Theorem 3.4.7.
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Chapter 4

The invariance of admissibility of
observations

Unbounded observation operators appear naturally when we have to deal with boundary
or point sensing, or when the output of a linear system depends on some delay. There
is an extensive literature dealing with systems having unbounded observation operators,
see e.g., Curtain and Pritchard [14, Chap 8], Pritchard and Salamon [67], Salamon [74],
Weiss [88], Yamamoto [96] and Bensoussan et al. [6]. However, there is not a unify-
ing theory dealing with any “degree” of unboundedness of the observation operators. In
this Chapter, we are concerned with the important class of these operators namely the
p—admissible observation operators for semigroups (see Section 1.3 of Chapter 1 for a
definition). Recently, Jacob and Partington have suggested a more general definition of
admissibility without assuming that the observation operators are bounded from the do-
main of the semigroup into the output space. They have considered some dense invariant
domain of X under the semigroup (see [55, Def. 2.2]). But we have to mention that Weiss
[88] and Salamon [75] have showed that these different definitions leads to the same input
operator. We thus say that these notions of admissibility are equivalent. The importance
of admissibility is simply due to its role in the determination of the Salamon or Weiss
class (see [88] and [74]). This later englobes the most PDEs with unboundedness in con-
trol and observation (for applications see, e.g., [74, 75], [32] and [3]). In the literature
there is many necessary and sufficient criterions for admissibility of observation operators
C € L([D(A)],Y) for the generator A of a Cy—semigroup , where Y is a Banach space. It
expressed, for example, in terms of the Carleson measures (see [48]) or by means of the
estimation of ||[C'(A — A)~!|| for A large enough (see [91, 79]), also by the boundedness of
Hankel operators (via their action on certain test functions) (see [56]), by the weak admis-
sibility, i.e., the admissibility of the new observation operators y*C where y* : Y — Cis a
bounded linear functional (see [91]) and the generation property for some matrix operator
associated to A and C' (see [30, 35]). For more details on these criterions, we refer also to
the survey by Jacob and Partington [55]. We refer also to Jacob-Zwart [57] for a disproof
of two conjecture on the admissibility proposed by Weiss [95].

35
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The verification of the admissibility of observation operators for generators is not an easy
task and for many important operators it cannot be performed in a direct way, as we will
see in Section 4.2. Therefore, one tries to write such generators as a sum of two simple
operators, A + B, where A generates a strongly continuous semigroup on X, for which
the admissibility is simple to check. Thus, one can ask under what condition on B we
have A + B generates a strongly continuous semigroup and that the the set of admis-
sible observation for A coincides with that for A 4+ B. This problem of the invariance
of admissibility, has been first mentioned by Weiss, [88, Rem. 5.4], in the case when the
perturbation B is bounded on the Banach space X. Later, Weiss generalized this result
(see Section 7 of [89]) to perturbations issued from “admissible” feedback operators on
Hilbert spaces. In particular, it is shown that the Yosida extension C' of C' is invariant
for the closed loop dynamic operator. The proof of this result is based essentially on the
concept of well-posed regular linear systems (see Chapter 1 for a background). A subclass
of this systems, is the Pritchard-Salamon class considered by Curtain et al. [11, Section 4]
for which they proved also the invariance of admissibility under feedback perturbations.

In the present chapter, we address ourselves to the invariance of admissibility under
some unbounded perturbations B in Banach spaces, the relations between the Yosida
extensions associated to the admissible observation operators C' with respect to A and
A+ B, together with some of related applications to linear systems with state and output
delays.

Throughout this chapter X and Y are Banach spaces (in fact, the state and observation
space, respectively), T(+) := (T'(t))>o is the Co—semigroup generated by (A, D(A)) on X.
The set SMV(A) is the Miyadera-Voigt class of perturbation (see Definition 3.1.1). The
symbol R designates always the Yosida extension of the operator R. We denote also
by O%(G) the set of p-admissible observation operators for the generator G (Z is the
observation space).

4.1 The admissibility under perturbations

We start this section by proving that the set of admissible observation operator for A is
invariant if we perturb A by a Miyadera-Voigt type perturbation. Further, we show some
properties for the corresponding perturbed semigroups. This will be very useful when
we study linear systems with output delay which lead, after a certain transformation, to
systems with unbounded observations.

Theorem 4.1.1. Assume that B € SMY(A)NO% (A) forp € [1,00). Then (A+ B, D(A))
generates a Co—semigroup T () on X. In particular, we have the invariance of admissibility

OP (A) = O%(A + B). (4.1.1)
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Moreover, for C' € O.(A) and f € L} (R, X) we have

loc

{T()r:2ze X} CDP(C)NDP(B), (4.1.2)
T * f € DP(C). (4.1.3)
Proof. By assumptions and by Theorem 3.1.7, the operator A + B generates the strongly

continuous semigroup 7 (-) on X satisfying the variation of constants formulas (3.1.5).
We now take C' € O)(A) and x € D(A). Then

CT () = CT(-)x + C(T * BT (-)x).

Observe that C(T BT (-)) = C(T « BT (-)) on D(A). Moreover, by Theorem 3.1.7, we
have BT (-)z € L¥, (R,, X). Now, due to Proposition 3.1.5, we obtain

|C(T BT ()a)llro1v) < el BT ()2lliaqoax) < evlz]

for x € D(A), @ > 0 and constants ¢ = ¢(a) > 0, v = v(a) > 0. It follows that
C € OV (A + B). The converse, can be treated by the same computations as above and
with the use of the formula CT(-) = CT(-) — C(T % BT(-)) on D(A). Thus, (4.1.1) holds.
Finally, (4.1.2) and (4.1.3) are obtained by (3.1.5) and Proposition 3.1.5. O

The following Lemma will be used in the sequel. For the proof we refer to [79, Propo-
sition 4.4.9)].

Lemma 4.1.2. Assume that C € OV(A) for 1 <p < oc. Then

M
[CRA A)|| € —————5 =&
(ReA —w) 77
for ReA > w > wo(A) and M > 1.

The next result shows the relationship between the Yosida extension of an admissible
observation operator for the generator A and for its perturb A + B. To be more clear in
our expose we shall use the notation C for the Yosida extension of C' with respect to A,
and C’ for the Yosida extension of C' with respect to A + B.

Theorem 4.1.3. Let B € O%(A) and C € O).(A) for 1 < p < co. Then
D(C)ND(B)=D(C")YND(B) and C'z=Cx for all x € D(C)ND(B).

Proof. For 1 < p < oo we have O%(A) € SMV(A), by (3.1.4). Then A + B generates a
strongly continuous on X. Then, by (3.1.2), we have

CAR(M A+ B) — CAR(M\, A) = CR(A, A+ B)BAR(\, A) (4.1.4)

= CR(\, A)BAR(\, A+ B). (4.1.5)
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Let z € D(C)N D(B) and let A > 0 be sufficiently large. Since, by (4.1.1) we have
C € OV (A + B) it follows, by Lemma 4.1.2, that

|CR(N, A+ B)BAR(\, A)z|| < cpa|| BAR(N, A)z|| — 0 (as A — 400).

Hence, by (4.1.4), we obtain # € D(C") and Cz = C'z. The converse is obtained similarly
by using (4.1.5) and Lemma 4.1.2 O

The following result generalizes the one given by Weiss in Hilbert spaces(see Proposi-
tion 7.1 in [89]) if we consider a linear system with identity as control operator and B as
the state feedback.

Corollary 4.1.4. Assume that B € O%(A) for 1 < p < oo. Then B=DR.

Proof. The proof follows immediately by taking C' = B in Theorem 4.1.3. ]

Another consequence of Theorem 4.1.3 is the following version of Theorem 4.1.1.
Corollary 4.1.5. Let B € O%(A) and C € O}.(A) for 1 <p < oo. Then
{(T()z: 2 € X} CDP(C) NDP(B).

Proof. Let B € O%(A). Then, by (4.1.1), we have B € O%(A + B). Hence, the result
can be obtained again from Theorem 4.1.1, by inverting the roles of T'(-) and 7°(-) (T'(-) is
issued from the perturbation —B of 7(-)) and by using the fact that B = B’ via Corollary
4.1.4. O

Remark 4.1.6. Let B € O%(A) and C € O} (A) for 1 < p < oo. Then, by Theorem
4.1.3, we have

(i) D(C) C D(B) implies that

D(C)=D(C)YND(B) and C"=C on D(C),

(i) D(C") € D(B) implies that

D(C")=D(C)ND(B) and C'=C on D(C).

Furthermore, if D(C') U D(C") € D(B) (in particular if B € £(X)), then C" = C.
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4.2 Linear systems with state and observation delays

In this section we are concerned with linear systems with state and output delay

=
—~

~
~—

I

Az(t) + Lxy, t>0,
z(0) =2z, x9=¢, (4.2.1)
y(t) = Cuay,

where the state delay operator L € L(W'([—1,0],X), X), the output delay operator
C € LW ([-1,0],X),Y) and the initial conditions z € X, ¢ € LP([-1,0], X). Here
we will see how our results obtained in the previous section are very useful to study
the admissibility of observation for the system (4.2.1). We then establish that the output
function y(-) can be expressed in term of the mass operator (see Definition 2.2.4) associated
to C' and the Yosida extension of C' with respect to ) x, the generator of the left shift
semigroup Sx(-) on LP([—1,0], X).

Let A;, = A+ L be the operator defined by (3.3.2), where the operators A and L are
defined in Section 3.3. We now introduce the operator

C:=(0 C):D(AL) —Y. (4.2.2)
We transform the system (4.2.1) into the linear system
w(t) = Apw(t), t>0,
w(0) = (%), (4.2.3)
y(t) = Cuw(t)
in the state space Xy = X x LP([—1,0], X) and observation space Y. Our interest in the

sequel is to discuss the admissibility of C for Ay. This will help us to give a representation
for the output function of the delay system (4.2.1).

Proposition 4.2.1. Assume that L satisfies (M,) for 1 < p < oo. Then C € O}.(Ayr) if
and only if C' satisfies the estimate

/0 IO+ Sx ()L dt < 82 11(3)IE ()

for all () € D(AL), a >0 and a constant § = () > 0.

Proof. The condition (M,) for 1 < p < oo means that £ € O (A). On the other hand
(H,) means that C € O (A). Thus, the proposition follows from Theorem 4.1.1. O

Remark 4.2.2. Assume that C' € O} (Qx) N L(C([—1,0], X),Y) for 1 < p < co. Then,
by the same technic as in Example 3.3.8, one can see that (H,) holds. This is verified
if e.g., C is given by the Riemann-Stieltjes integral of a function of bounded variation

0:[-1,0] > L(X,Y).
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In the sequel, C,, and C denote the mass operator and the Yosida extention (with
respect to Qx) of C, respectively. Moreover, C denotes the Yosida extension of C with
respect to A.

Lemma 4.2.3. Assume that the mass operator Cy, is bounded from X toY. Then
D(C)=XxD(C), C=(C, C). (4.2.4)
Proof. Let A\ > 0 be sufficiently large. Then, by (3.3.7) and (4.2.2), we have
CAR(M, A) = (CexAR(M, A) CAR(M, Qx)) . (4.2.5)
Now, a similar computation as in the proof of Lemma 3.3.1 yields

lim CexAR(\, A) = C,,  (in £(X,Y)).

A—+00
Thus, our claim follows now from (4.2.5). O

In the sequel we denote by C’ (resp. L) the Yosida extension of C (resp. L) with respect
to Ar (resp. Qx).

Proposition 4.2.4. Assume that L and C' have bounded mass operators and satisfy the
(M) and (H,) for 1 < p < oo, respectively. Then, X x [D(L) N D(C)] € D(C') and

C'=(C, C) on X x[D(L)nD(C). (4.2.6)

Proof. Let L be the Yosida extension of £ with respect to A. Then, by (3.3.6) and (4.2.4),
we have

D(£)ND(C) = [X x D(L)]N[X x D(C)] = X x [D(L) N D(C)).
Therefore, (4.2.6) follows now from Theorem 4.1.3. O
The main result of this section is the following theorem.

Theorem 4.2.5. Assume that L and C' have bounded mass operators and satisfy the (M,)
and (H,) for 1 < p < oo, respectively. Let x(-) be the state trajectory of (4.2.1). Then

e € DP(L) NDP(C) and
y(t) = Cpa(t) + Cay (4.2.7)
for almost every t > 0.

Proof. We know that the state trajectory of the system (4.2.3) satisfies

w(t) = (") =) (L), t>0,
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where x(-) is the state trajectory of (4.2.1), and 77(-) is the strongly continuous semi-
group given by (3.3.5). Moreover, by (4.1.2), lemma 3.3.1 and Lemma 4.2.3, we obtain
7.()(%) € X x [DP(L) N DP(C)]. Thus z, € DP(L) NDP(C) and

y(t) = C'TL(t) (%)
= Cpa(t) + Cx,

for almost every ¢t > 0, by Theorem 1.5.5 and Proposition 4.2.4. O]

Example 4.2.6. We consider the equation modelling heat conduction in a rod

(0 0?
— = — — — — >
atz(:c,t) 8x2z(x’t) az(z,t) — bz(x,t —r), x € [0,7], t >0,
0,8) = 2(m.1) = 0,

sy )00 =m0

z(z,t) = (x,t), x € [0,7], t € [-r,0],

y(t) = ! z(z,t — 1) d,

\ T Jo

where 7 > 0, r9 € (0,7) fixed and a,b € R. Here z(z,t) represents the temperature at
position z and time ¢ and ¢ represents the initial history temperature profile.
In order to write (HE) as the abstract linear system (4.2.1), we take

e the state space X := L?(0, ),
e the operator A := A — a with Dirichlet boundary conditions, i.e.,

D(A) :={f € L*(0,) : f, f absolutely continuous, f” € L*(0,7), f(0) = f(x) =0},

e the function Ry 3 ¢t +— 2z(t) = z(-,t) € L*(0,7) and 2 : [-r,0] — L2(0,7), 2z(s) :=
2(t + s),

e the state delay operator L : Wh2([—r,0], L?(0, 7)) — L?(0,7) as L :== —bd_,,

e the output space Y := R,
1 ™

e the output delay operator C' :=19_,,, where I'¢ = —/ &(x) dx.
T Jo

It is known that A generates a (compact) semigroup 7'(-) on X. Now, since L is a
particular case of Riemman-Stieltjes integral, then it satisfies (M3), by Example 3.3.8.
In order to apply Theorem 4.2.5, it suffice to show that C' satisfies (Hy) and L,C have
bounded mass operators. In fact, let (fe) € D(Ar) and r > a > 1. Since I' € L(X,R)
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and |T'g| < II\g/Hch for g € X, it follows that

| e sconpar< [T - gt s [Cisee-np
0 0 0

r—ro)M?e?r 1 [0 /m
PP e+~ [ [ o do a

< w(IE]% + 11720 x))
<k[($)%

for a constant k = k(r,rg,7) > 0. Since lim I'6_, e ¢ = ' lim e "2 = 0, it follows
A—+400 A—+400

IN

that the mass operator associated to C' is identically null. Moreover, we have C' = Fg,m,
where 6_,, is the Yosida extension of §_,, with respect to the left shift semigroup. Note
that the mass operator associated to L is identically null. Thus, by Theorem 4.2.5, the

output function of (HFE) is given by
y(t) = Fg_mzt

for almost every ¢t > 0.



Chapter 5

Systems with state, control and
observation delays

In this chapter we bring linear systems with state, control and observation delays in the
line with the standard theory of regular linear systems (see chapter 1 for a background on
this theory). As we have already mentioned in the preface of this thesis, the investigation
of these systems attracted the attention of many authors over many years. The approaches
used before to treat delay systems are based essentially on structural operators. In this
chapter, we provide another new approach which does not require to such operators. To
this purpose, we shall use the theory developed in the previous chapters.

Notations. Before going into details we first fix some notations required to our rep-
resentation in this chapter. For a Banach space E, we denote by Sg(-) the left shift
semigroup in E, := LP([—1,0], E') with generator (Qg, D(Qg)) as in (2.0.1) and (2.0.2).
The operator g € L(E, (LP([—1,0], E))_1) denotes the control operator representing the
control linear system defined by (2.1.2). We denote by M the Yosida extension of an op-
erator M with respect to some generator of strongly continuous semigroup, and if there
is an ambiguity we will make a distinction by additional symbols. The operator P (some
times P,,) designates the mass operator of P € L(W'?([—1,0], E), F') (see Definition
2.2.4). The Banach space R%,F is defined in Section 2.2 of Chapter 2.

Throughout this chapter X, Y and U are Banach spaces (the state, the observation and
the control space, respectively). Moreover, we will use the product space

X =X x LP(]-1,0],X) x LP([-1,0],U) (1 <p < o0)

endowed with the usual norm ||(z, f, g)|| := ||z[| + || fll, + lg]],-

5.1 Systems with state and control delays

The aim of this section is to show that the equation (3.4.1) determines a control linear
system on the state space X and control space U. To this purpose, we throughout assume

43
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that the state delay operator L satisfies the condition (M,), 1 < p < oo (see Chapter
3) and the delay control operator K € R ;;, where we denote by ¥ := (Sy, ®, ¥, F) its
associated regular linear system (on U,, U and X).

As we have already seen in Section 3.3, the condition (M,) implies that the opera-
tor (A, D(AL)) defined by (3.3.2) generates the Co—semigroup 7.(-) on Xy = X x X,
satisfying (3.3.5). Let us define the following operators

t
R(t): U, — Xy, R(t)g ::/0 To(t — ) (RS ©9) ds, t>0. (5.1.1)

Observe, by Theorem 1.3.1, that R(-) is well defined if we suppose only that K € O%(Qy).
We now introduce the linear operators on Xj,

Txe(t) :( () | RAY) ) £>0. (5.1.2)

Theorem 5.1.1. Assume that L satisfies (M,) and that K € O%(Qu). Then, the operator
family T;, () defined by (5.1.2) is a Co—semigroup on X with generator

4, | B
ALk = oo |, D(ALx) =D(AL) x D(Qu). (5.1.3)
00 [Qu

Proof. Observe that 7. (t)R(s) + R(t)Su(s) = R(t + s), t,s > 0. Then, the semigroup
properties for 77 k() is a simply deduced from that of 7.(-) and Sy(-). The strong
continuity of 77, k(-) follows from the fact that lim, .o R(t)g = 0 for all g € LP([—1,0],U).
Therefore, 77, i (+) is a Co—semigroup on X. Let (AL x, D(ALk)) be the generator of
71k (-). We compute the resolvent operator of Ay, . From (5.1.2) we obtain

_ [T _ (A AL) ‘
R()\7AL,K> _/0 € ,]-L,K(t) dt = ( 0 0 ‘R A QU

where
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for g € D(Qu) and X € p(AL), by Fubini’s theorem. Now, by using a change of variables,

Q()\)g:/oooe)\tﬂ(t)dt K/o e_’\;SU(T)QdT

K R(/\(; QU)Q)

K R(A(; QU)g)

= R(\, AL) (
= R(\, AL) <

for g € D(Qu). Hence, by density, we obtain

RN AL) | RON Ap) (KR(?;QU))

00 | R(X, Qu)

RO\ Apg) = (5.1.4)

On the other hand, it is not difficult to show that for A € p(Ay) the inverse of A — Ay,
where A; is the matrix operator defined in the right side of (5.1.3), is exactly equals to
R(\, AL k). Finally, by a standard argument, this implies that Ay, x = A;. O

Remark 5.1.2. Let us see the meaning of the semigroup 77, x(-). We then assume that
the conditions of Theorem 3.4.4 are verified. Let u € LF (R,,U) and (z,¢,()" € X.
Now, due to (3.3.14) and (3.3.16), one can remak that

Tk (t)(2,9,¢) = (2(t), 2, Su()¢), =0,

where z(t) is the solution of the non-homogeneous equation (3.3.1) with non-homogeneous
term Uoo¢ € L (Ry,X). In [6, p. 264], where the theory of delay systems in well
discussed, the semigroup 77, x(t) is called “the extended semigroup”. Our approach here
illustrate this terminology since this semigroup depends on the extended output map W
of X..

By Remark 2.2.2; the control history w; is the state trajectory of the regular linear system
¥ with feedtrough zero. Then, by (1.5.5),

Kuy = (Voo{)(1) + (Focu) (1)

for almost every ¢t > 0. On the other hand the formula (3.4.3) implies that
t t
(=) =T.(t) (%) +/O T(t — S)((\Ifoooo(s))ds +/0 To(t — 3)(Ku(s)+(oFoou)(s))d8

Moreover, by (3.4.1),

U = SU(t)C + @tu, t Z 0.
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Thus,

2) + fo Tt — 5) (=0 ds T (t — ) (KuE+HFaom)(2)) g
(x(t), T, uy) = (TL(t)(w) + o TLEt )()d > + (foT (t—s)( 0 )d )

SU t)C (Ptu
t Ku(s)+(Foou)(s)
T (t — d
= T k() (@.0,0) + (fo st =) () S)
CIDtu
(5.1.5)
for t > 0.
Let us define

3 o Ku(s)+(Foou)(s)

Qp k(t)u = (fo Ti(t S)(<I>tu 0 ) ds) (5.1.6)

for t >0 and u € L} (R4,U). Since K is bounded and F, is the extended input map of

the regular linear system X, then ®p x(t) : LP([0,¢],U) — X is well defined. Moreover,
we have the following proposition.

Proposition 5.1.3. Assume that L satisfies (M) and K € R, x. Then (Tpk,Pr ) is
a control linear system on the state space X and control space U. Furthermore, the state
trajectory of this system is given by

2(t) = (x(t), ze, ur) (5.1.7)
fort >0 and u € L} (R.,U), where x(-) is the state trajectory of (3.4.1).

loc

Proof. We first set By = (K,0,0)" € L(U, X). Thus @ x(t) = ®*(¢) + ®%(¢), where

t LT (1 — 5)(F=96)) ds
' (t)u :Z/OTL(t—a)Bluw)da and O (H)u = (foTL(t ;}fu 0 )d>

for t > 0 and uw € L} (R4, U). Since B; is bounded, then it is obvious that (77 x, ') is a
control system on X, U. We now claim that (77, x, ®?) is a control system as well. In fact,
since K € Ry, x then Fo, @ Ly, (Ry,U) — Ly, (R4, X) is bounded. Hence, by Holder’s

loc loc
inequality, we obtain

t
H / Tt — 5)(F=0®) ds” < cllull o109
0 Xo

for t > 0 and u € LF (Ry,U). Thus, ®*(¢) is bounded by the boundedness of ®;. Now,

loc

we show that ®%(-) satisfies (1.2.1). In fact, let ¢,7 > 0 and u,v € L} (R, U). Since ¥,
satisfy (1.2.1), then

O3 (t + T)(u(?v)

_ (BT (TR de) (T Ty (T ds
SU(t)(I)TU 0.
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For s € [0, 7] we have (Fm(u?v))(s) = (Fyu)(s). Then
Tt (P A (B BT () i)
Sy (t)®u B Sy ()P u '

For s € [r,t + 7] we have (Fm(u?v))(s) = (Vou®,u)(s — 7) + (Fxv)(s — 7). Then, by

change of variables, we obtain

(fTHT To(t+71—5)( (F°°(u0<r>v)(s)) ds)

(I)t’U
_(Jo Tult = ) (=) ds + Jo Tt — 5)(F=)) ds
0 (I)tU
¢ w)s

Hence ®2(t + 7)(udv) = T x(£)P*(7)u + ®*(t)v. Finally, the assertion (5.1.7) follows
from (5.1.5). O

Comment 5.1.4. We have to mention that the form of z(+) given in (5.1.7) was considered
by Ichikawa [50] to prove that it determines the solution of the delay linear system (3.4.1),
see also Bensoussan et al. [6, Chap V]. In [6], the state (5.1.7) is called the extended state.
Our approach here illustrate this terminology since z(-) is given in terms of the extended
output and input-output maps V., and F,, respectively. We note that Bensoussan et al.
[6] and the references therein work with finite dimensional input and output spaces, where
one can represent (via Riesz theorem) the delay operators by Riemann-Stieltjes integrals.
Here in this thesis we work with infinite dimensional Banach spaces and a general class of
delay operators which contains the set of all Riemann-Stieltjes integrals. So, our results
here can be considered also as a generalization of those presented in Bensoussan et al. [6].

In the rest of this section we shall compute B, the control operator associated to the con-
trol system obtained in Proposition 5.1.3 (this operator satisfies (1.2.3) and it is bounded
from U to Xf‘f‘K). We know from Proposition 2.1.2 that the system (Sy, ®) has the
control operator By € L(U, (U,)?V) given by (2.1.5). From the expression of ®; x(t) and
the proof of Proposition 5.1.3 we expect that the expression of B will depends on K and
Bu-

We define the space

Z = ()Y x (U)%.

Clearly we have X — Z. Further, we have the lemma.
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Lemma 5.1.5. Assume that L satisfies (M) and that K € Ry, x has a bounded extension
to U,. Then,

X s Z s XK (5.1.8)

Proof. Let (z, f,g) € X and let A\g € p(Ar) be fixed. Then, by (5.1.4) and the fact that
K has bounded extension to U,, we have

IR(No, AL.x) (@, f,9)|| <IIR(Aos AL) (7) llae + clKR(Xo, Qu)gllx + [IR(No, Q)gll,
< (IR0, AL) (7)1lx + 1R(N0, Q)9

for some constants ¢, ¢ > 0. Thus our claim now follows. Il

Proposition 5.1.6. Assume that L satisfies (M,) and K € R{; x has a bounded extension
to U,. Then the control linear system (11, i, Pr k) is represented by the control operator

B=(K 0 fy) .

Proof. Let By = (K 0 0)T and let B € L(U, XﬂL’K) be the control operator representing
the control system (77, k, @, i) (see Section 1.2). Now, from the proof of Proposition 5.1.3,
we have B = By + By, where B is the control operator representing the control system
(T1.x,®?). We shall compute the expression of By. By taking the Laplace transform in
both hand sides of ®*(-) we obtain

~(ROCALD (Y)Y RN AL (Be)
OG-8 = (7 Ty ) = (Ru, <@U>1>ﬁU> (519

for a real \ sufficiently large, where G(\) is the transfer function of ¥ which tends to zero
as A — 0o. Due to Lemma 5.1.5 and (5.1.9) we have

H)\R()\, (AL,B),l)BQ’U — (0 0 ﬁUU)T HXiL’B
< er[|GAv]lx + ¢]AR, (Qu)-1)Buv = Buvll i, yeu

for v € U and X > 0 sufficiently large, where ¢ > 0 is a constant and ky, := sup, ||7.(t)]|.

Since the right hand side of the above inequality tends to zero as A\ — +o0, it follows that
T

By = (0 0 ﬁU) . Thus our claim follows. O

5.2 Representation of systems with delays in state,
control and observation variables

In this section we study the equation (3.4.1) coupled with the delay observation equation
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where C € L(WP([-1,0], X),Y) and D € L(W'P([-1,0],U),Y).
We set

CLJ( = (C D) . D(ALJ() —Y.
We shall transform the delay system formed by (3.4.1) and (5.2.1) into the following one

A(t) = Apgz(t) + Bu(t), t>0,

y(t) = Crx2(t), (5.2.2)

on the state space X, control space U and observation space Y.

Throughout the following we keep all notations used in Section 4.2 of Chapter 4, in
particular the condition (H,). Moreover we denote by C .k the Yosida extension of Cr,
with respect to Ap k.

The next result gives conditions on C' and D implying that the operator Cr i is an
admissible observation for Ay, .

Theorem 5.2.1. Assume that L and C satisfy the conditions (M,) and (H,), respectively,
K and D are p-admissible observation operators for Sy (-). Then Cp x is p-admissible
observation operator for Tp, g(+). If in addition the mass operators L and C,, associated
to L and C, respectively, are bounded, then

X:=X x [D(L)NnD(C)] x [D(K)ND(D)] € D(C.x) and
N o (5.2.3)
Cox=(Cn C D) on X

Proof. By Proposition 4.2.1, C = (0 C’) : D(AL) — Y is p-admissible observation
operator for 7.(-). Then, by Proposition 3.1.5 and Theorem 1.3.1, we have

ICR(t)gllzr(0,01,2) < llWscllzr(0,01,x) < Cll9llp

for g € D(Qu), @ > 0 and constants ¢, ¢ > 0. Thus, the admissibility of Cr x(-) for 77, k(-
now follows immediately. We next take (z, f,g) € X. Then, by (4.2.6) and (5.1.4), we
obtain

lim Cpx RN ALk) (z, f,g)

A——+o00
= Cpx+Cf+ Dg+ /\lim CAR(X, Ap) (KEOQuIT).

—400

Due to Lemma 4.1.2, we obtain

ICAR(A, AL) (KE209) || < ¢, 0 [ KARON, Qo )gll — 0 (as A — +oc),

since g € D(K). Thus our claim follows. O
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Remark 5.2.2. From the proof of Theorem 5.2.1 we observe that
Crx=(C" D) on D(C)x[D(K)nD(D), (5.2.4)
where C' is the Yosida extension of C with respect to Ay.

Under the assumptions of Theorem 5.2.1, we set

Uy k(t) :D(AL k) — LP([0,4],Y), VYpk®)(z,f,9) =CLxTrk()(z, f,g9), t=>0.

Proposition 5.2.3. Assume that L and C satisfy the conditions (M,) and (H,), respec-
tiely and, K and D are p—admissible observation operators for Sy(-). Then (Tp k, Vi k)
is an observation system on the state space X and observation space Y. Let (Vp k) be
the extended output map of this system. Then

TL,K(t)(xfg)GD(é) x [D(K) N ( D)) (5.2.5)

(VL x)eo(@, £,9)](t) = (C' D) Trx(t)(z, f,9) (5.2.6)
for all (z, f,g) € X and almost every t > 0.

Proof. Let (z,f,g) € X. Due to Proposition 3.1.5 and Proposition 4.2.1, we obtain
R(t)g € D(C') for almost every t > 0. Moreover, from Theorem 1.3.1, it follows that
T.(t)(7) € D(C") and Sy (t)g € D(K) N D(D) for almost every ¢ > 0. Hence (5.2.5) is
verified. Now, by Theorem 1.3.1 and Remark 5.2.2, the assertion (5.2.6) follows immedi-
ately. O]

In the next result we show that the system (5.2.2) determines a regular linear system
on the state space X', control space U and observation space Y.

Theorem 5.2.4. Assume that L and C satisfy the conditions (M,) and (H,), respectively,
K e RI{]’X and D € R&Y with mass operator D,, = 0. Then (Ap i, B,CL k) is a regular
triple and generates a reqular linear system on the state space X, control space U and
observation space Y with feedthrough zero and transfer function

gLJ(()\) =C GAR()\,A—F L GA)K ey + D €\ fOT AE p(.AL)

Proof. Let @y i (t) = ®'(t) + P*(¢) be the control maps given by (5.1.6), where ®'(¢) and
®2(t) are defined in the proof of Proposition 5.1.3. We know that (77, x, ®') is represented
by the bounded control operator B; = (K 0 O)T. Then (Apk,B1,Crk) is a regular
triple and generates a regular linear system 3; on the state space X, control space U
and observation space Y. Let By be the control operator representing (77 x, ®?). We
will show that (Af k, B2, Cr k) is a regular triple. Since R(A,AL)(KGA)U C D(C) and
R\, (Qu)_1)BuU C [D(K) N D(D)] for some A € p(Ar), it follows from (5.1.9) and
(5.2.4) that R(\, (ALx)-1)BU C D(CfL\;) Thus our first claim follows from Theorem
1.5.3. We now show that this triple generates a regular linear system. Observe that
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®*(t)u € D(C') x [D(K) N D(D)] € D(Crx) for almost every ¢ > 0. This follows from
the fact that

t
/ Ti(t — o) (F=w) ) do € D(C)),
0

by Proposition 3.1.5, and the fact that ®;u € D(K) N D(D) since K and D are issued
from regular linear systems with control system (Sy, ®). Thus, by (5.2.4), one can define
the linear operator

(F?) o : LY

loc

(R+7 U) — Ly,

loc

(R-H Y)

(F?) oot 1= é'/ To(- — o) (F=w)do + D®,u.
0

Proposition 3.1.5 implies that (F)s is bounded. On the other hand, by using (5.2.6) and
the fact that Fo, and D®, satisfied (1.4.2), on can see that (F?). satisfied (1.4.2) as well.
Thus, the triple (A7 g, B2, C) generates a regular linear system X := (77, g, D%, Uy, 5, F?),
where Fy(t)u := (F?)oou on each interval [0,t]. Moreover, since C € O (Ar), it follows,
by Lemma 4.1.2 and (2.1.5), that

||C~L7KR()\, (AL k)-1)B2v|| = HCR()\,AL)(R%W) + lAje,\vH
< epall Kexv]| + || Dexv
for A > 0 sufficiently large. Hence C~L,KR()\, (Ap k)-1)B2v goes to zero as A — +o0.
Then, by Theorem 1.5.3 the feedthrough of ¥y equal to zero. Now, since B = B; + B,
then (AL k,B,Cr k) is a regular triple and generates the regular linear system X, =
(Trk, P, Vi, Fr i), where Fr g := F! 4+ F?, (F'(¢) are the input operators of %1').
Let G k(+) be the transfer function of ¥, . Due to (1.5.2) we obtain
Grs(A\) = éL,KR<>\7 (Arx)-1)B
=CrLx RN, AL k)B1 + Cp k R\, (AL k)-1)Ba

= CR(\, Ap) (K+Ee ) + DR(X, (Qu)-1)Bu

by (5.2.4) and (5.1.9). From (2.2.6) and Remark 2.2.6 we have
K + f(€)\ = K@)\ and DR()\, (QU)—I)BU = DG)\ = D€>\
since D,, = 0. Now our aim follows from

key [ ROLA+ Ley)Key
RN AL) (55 ) = (e)\R()\,A—i—Le/\)KC,\

for X € p(Ar), by [4]. O

Finally, the representation of the observation equation (5.2.1) is given in the following
result.
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Theorem 5.2.5. Assume that L and C satisfy the conditions (M,) and (H,), respec-
tively, and have bounded mass operators. Moreover, we assume that K € R@}X and
D e RUY with identically null mass operator. Let u € Lj (R4, U) and the initial condi-
tion (z,p,() € X be given. If x(-) is the state trajectory of (3.4.1) then

(x(t), x,uy) € X
and the observation equation (5.2.1) satisfies
y(t) = Copa(t) + Cay + Duy (5.2.7)
for almost every t > 0.

Proof. Let uw € LY (Ry,U), (z,¢,¢) € X and let x(t) be the corresponding state trajec-
tory of (3.4.1). Then, by Proposition 5.1.3, z(t) = (x(t), x¢, us) is the state trajectory of
(5.2.2). Since, by Theorem 5.2.4, (AL i, B,CL i) generates a regular linear system with
feedthrouth equal to zero, then

y(t) = C’L,K(x(t),xt,ut) (5.2.8)

for almost every ¢t > 0, by Theorem 1.5.5. On the other hand, by Remark 2.2.2 we know
that u, € D(K) N D(D) for almost every ¢t > 0. Moreover, from the proof of Theorem
4.2.5, we have T(t)(3) € X x [D(L) N D(C)] for almost every t > 0. Now, using
(3.4.3), C € 0% (Ar) and Proposition 3.1.8, we then obtain that z(t) € X. Thus, the
representation (5.2.7) follows from (5.2.8) and Theorem 5.2.1. O

5.3 Conclusion and perspective

It is well known (see e.g., [6, 7] for a detailed discussion) that structural operators have
been the main tool to study linear systems with delays in state, control and observation
variables. In fact, such operators have been extensively used by many authors over several
years to show the well-posedness, the observability, the controllability as well as the
quadratic problem for delay systems.

Here in this chapter we have presented a new approach which does not requires to the
use of structural operators. Fortunately, our method brings the delay systems in the line
with the riche and general theory of well-posed and regular linear systems (which is an
active area of research in recent years). With this transformation we have explicated
many passages in the Ichikawa approach in his fundamental paper [50] which contains
also an application to quadratic problem. We then expect that our theory here has a
good application to observability, controllably and quadratic control problems. In fact,
there is now a more structured theory on observability and controllably using regular
linear systems (see e.g., the recent book of Stafans [79]). As we have seen is Section
5.1, a large class of delay systems can be transformed into an undelayed one having
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strictly unbounded control operator (it takes values outside of the state space). However,
there is not an unifying theory for quadratic problem of linear systems with unbounded
control operators. Recently, we see an active application of well-posed systems theory
to the quadratic problem for more general systems, see e.g., [37, 80, 81, 94]. Then it is
interesting to exploit this together with our results in this chapter to introduce a more
general theory for quadratic problem of delay systems.

As it is know neutral equations (see e.g., [1], [2], [45]) form a more general class of func-
tional differential equations. However, after a change of variables, such neutral systems
can be rewritten as an input delay boundary system. We thus apply our theory presented
in Chapter 5 to give a representation of neutral systems. This will been done in a coming
work.
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Chapter 6

Non-autonomous linear systems with
delays

In this chapter we present an evolution equation approach to non-autonomous linear
systems with delays in state and control variables. Our main aim is to bring such systems
in the line with the recent theory of non-autonomous (absolutely) regular linear systems
introduced in [78]. As we will see below, the approach in this chapter seems to be similar
to that presented in Chapter 5. However, there is a difference due mainly to the fact that
the extrapolation theory for general evolution families is not known and also we can not
proceed by operator resolvent (this later enter into the definition of the Yosida extensions
and simplifies many calculus). Moreover, we shall use the notion of the Lebesqgue extensions
instead of the Yosida extensions (see the next section for the definition) so as to give a
representation of non-autonomous delay systems.

6.1 Non-autonomous regular systems

In this section, we recall several definitions and results on non-autonomous control
problems taken from [78]. Throughout, X, Y, and U denote Banach spaces (the
state, observation and control space, respectively). An evolution family on X is a set
T = (T(t,$))i>s>0 C L(X) such that

(i) T(t,s) =T(t,r)T(r,s), T(s,s) =1,
(i) (t,s)+— T(t,s) is strongly continuous, and
(i) [I7°(¢,5)]| < M=)

for all t > r > s > 0 and some constants M > 1 and w € R. Evolution families arise as
solution operators of non-autonomous evolution equations. We refer to [13], [76], and the
references therein for more information. For an evolution family 7', we set

(KT f)(t) = / T(t,7)f(r) dr

95
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forallt >s>0and f € L} ([s,00), X).

The pair (T, ®) := (T,{®(t,s) : t > s > 0}) is called a non-autonomous control system
(on U and X) if ®(¢,s) : L2 ([s,00),U) — X, t > s > 0, are linear operators such that

loc

O(t, s)u=P(t,r)(u|[r,00)) +T(t,r)®(r,s)u, t>r>s>0,

(6.1.1)
|@(t, s)ullx < Bllullr2sgry, 0<s<t<s+t,

for u € L2 (Ry,U), ty > 0, and a constant 5 = B(ty) > 0. Then t — ®(t,s)u € X is
continuous for ¢t > s by [78, Prop. 3.5]. Note that ®(s, s)u = 0.

In the autonomous case, control systems are always given by admissible control opera-
tors B, see [89]. To proceed in a similar way, let X;, ¢ > 0, be Banach spaces in which
X is densely and continuously embedded. Assume that T'(¢,s) has a locally uniformly
bounded extension T'(,s) : Xy — X;. Then we call B(t) € L(U,X,), t > 0, admissible

control operators for T if the function T'(t,-)B(-)u(-) is integrable in X,
—_— t —_—
(KsB(-)u)(t) ::/ T(t,7)B(T)u(t)dr € X,

and there is a constant 5 = (3(ty) > 0 such that

(KB )w) )]l x < Bllullr2qsgo

forall 0 < s <t < s+t tyg > 0, and u € L*([s,t],U). It is then easy to see that
O(t, s)u =
non-autonomous control system can be represented by admissible control operators in an

(KsB(-)u)(t) defines a non-autonomous control system. Conversely, every

approximative sense, see [78, Prop. 3.5]. In fact, set B,(t)z := n®(t,t — t)u. for z € U,
n € N, and ¢t > 0, where u,(s) := z for s € R and ®(¢, s)u := ®(¢,0)u if t > 0 > s. Then

t

O(t, s)u = nh—{EO T(t,7)B,(T)u(r) dr (6.1.2)

(in X) for u € L} (R, ,U) and t > s > 0, where the limit is locally uniform in .
Let U(s): X — L?

iel[s,00),Y), s >0, be linear operators satisfying

U(s)x =W(t)T(t,s)r on [t,00) and /s+ i (U (s)z)(t)||* dt < |z (6.1.3)

fort >s>0,z € X,ty >0, and a constant v = y(ty) > 0. Then (T, V) := (T, {¥(s), s >
0}) is called a non-autonomous observation system (on X and Y) for T. For linear
operators C(s) : D(C(s)) C X — Y, s > 0, we define the set

D,(C() ={f €L} .(s,00),X): f(t) € D(C(t)) for ae.t>s,

loc

O()f() € Ll20c([37 00)7 Y)}
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Let X, be dense subspaces of X and C(s) : D(C(s)) € X — Y, s > 0, be linear
operators such that 7'(-, s)xz € Ds(C(+)) and

s+to
/ ICOT (¢, s)z|? dt < Alle|]?

for tg,s > 0, z € X, and a constant v = ~(ty) > 0. Then we say that C(s), s > 0,
are admissible observation operators for T. Note that the admissibility of C(-) for T
guarantees that the mappings

U(s): D(C(s)) — L}

loc

([s,00),Y), V(s)z:=C()T(-,s)x, s>0, (6.1.4)

possess unique extensions (again noted by W(s)) to linear continuous operators from X
to L}

loc
Conversely, let (7, ¥) be a non-autonomous observation system and s > 0. We define

([s,00),Y") which yield a non-autonomous observation system, see [78, Lem. 2.5].

the operators

D(C(s)) := {:c €X: 11{%% S T(‘Il(s)x)(a) do  exists in Y} :
) e (6.1.5)
C(s)x = ll{T(l) - (U(s)z)(o)do.

We say that C(-) represent (T, ¥); or that C(t) are the Lebesgue extensions of C(t) if ¥(s)
is given by (6.1.4). In the next proposition we present Theorem 2.7 of [78] which shows
that C(s) is admissible (with X = X ) and that W(s) is always given by C(-).

Proposition 6.1.1. Let (T, V) be a non-autonomous observation system. Let C(t), t > 0,
be defined as in (6.1.5). Then T(-,s)x € Ds(C(-)) and V(s)x = C(-)T(-,s)x for s > 0
and v € X.

The following result is also taken from [78] (see Proposition 2.11 and its proof). We
will use it frequently in this chapter.

Prop051t10n 6.1.2. Let (T, V) be a non-autonomous observation system represented by
C(t). Then KTf € D,(C()) and
. 1
ICCOKS Fllzzssttoly) < € 3 [1Fllz2 (15,5100, 5)
fors>0,0<ty<ty, feL (R, X), and a constant ¢ = c(t;) > 0.

Let (T, ®) and (7, ¥) be non-autonomous control and observation systems. If there are
linear operators F(s) : L2 ([s,00),U) — L2 ([s,0),Y) satisfying

F(s)u = U (t)P(t,s)u +F(t)(u| [t,00)) on [t,00), (6.1.6)

|F(s )UHL2 ([s,54t0),Y) < HHUHL2([5,S+7§O]7U) (6.1.7)
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for u € L} ([s,00),U), t > s > 0, ty > 0, and a constant £ = r(ty) > 0, then X =
(T, ®, ¥, F) is called a well-posed non-autonomous system (on U, X, and Y') with input-
output operators F(s). Observe that F(s)u = 0 on [s,t] and F(s)u = F(t)(u | [t,00)) on

[t,00) if u vanishes on [s,t]. Hence one can define the restrictions
F(s)|[s,t] = F(t,s) : L*([s,],U) = L*([s,t],Y), t>s>0.
We need two more definitions to use the results on feedback systems from [78].

Definition 6.1.3. A well-posed non-autonomous system ¥ = (7', &, U, F) is called reqular
(with feedthrough D =0) if

1 [+
li{l(l) = (F(t)u,)(o)do =0 (inY)
and absolutely reqular if
iim 2 [ B0 ) do =0
™0 T J,

for all t > 0 and z € U, where u,(s) := z for s > 0.

Definition 6.1.4. Let X = (T, ®,V,F) be a well-posed non-autonomous system. We
call A(:) € L®(R, Ls(Y,U)) (the space of essentially bounded and strongly measurable
operator functions) an admissible feedback for 3 if there exists ¢y > 0 such that the
operators Iy —F(s+tg, s)A(+), s > 0, have uniformly bounded inverses on L?([s, s+t,],Y).

The following theorem is proved in [78, Thm. 4.4].

Theorem 6.1.5. Assume that ¥ = (T, ®, W, F) is a reqular non-autonomous system and
A(-) is an admissible feedback. Let C(t) represent the observation system (T, ).

(a) There is an evolution family Ta on X satisfying

Ta(+ s)x € Ds(C()),
ICC)TAl, 8)xll 2 (s.sto1 0 < 7 Ml

Ta(,s)e =T(,s)x+ P(-,s)A()C()TAl(-s)x
fors >0, x € X, ty >0, and a constant v = y(to) > 0.

(b) If ¥ is absolutely regular, then

t

Talt,s)r = T(t, s)z + lim [ Ta(t,7)[Bu(AC)¥(s)2)](r) dr

fort>s>0 and v € X, where the limit is taken in X and locally uniform in t.
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If ¥ is absolutely regular and A(¢) are admissible feedback operators for 3, then the
closed-loop system ¥4 for ¥ and A(-) exists, and it is also absolutely regular. Moreover,
we have several formulas relating the open- and closed loop system. To put the formulas
in a concise form, we define the operators W(¢, s)z := (V(s)x)|[s, t] and

St s) = @Ei 3 Eg 3) X X L[58, U) — X x I2(s,8,Y)  (6.1.8)

for t > s > 0. Then it holds

S8 (4 s) — Nt 5) = S(t, ) (8 A(z-)) S (4 5) = TA(, 5) (8 A?-)) S(t, s).

These facts are shown in Theorem 4.4 and Proposition 5.1 of [78], where one can find
further results on the relationship between ¥ and ¥2.

6.2 Admissibility of observation for perturbed evolu-

tion families

In this section we study the invariance of admissibility of observation for perturbed evo-
lution families.

Assumption 6.2.1. We assume that B(t) : D(B(t)) C X — X are admissible obser-
vation operators for the evolution family T on X. We then denote by B(t) the Lebesgue
extensions of B(t) with respect to T.

We start our study by the following perturbation result for evolution families.

Proposition 6.2.2. Let Assumption 6.2.1 holds. Then, there is a unique evolution family
V on X satisfying

VE'? S)l’ € DS(B<>>’ ( )
1BV (-, 8)xl z2s,seo,x) < v Nzl (6.2.2)

r=T(,s)z +KIB()V(,s)z (6.2.3)
T = T(-,s)x—i—K}:B()T(-,s)x ( )

fors >0, x € X, ty >0, and a constant v = ~y(ty) > 0.

Proof. We define ¥°(s) : D(B(s)) — X by setting U°(s) := B(-)T(-,s)z. Due to As-
sumption 6.2.1, we extend (T, ¥Y) to a non-autonomous observation system on X with
observation space X. We further set ®°(-, s)u := K u and FO(s)u := B(-)K u for s > 0
and v € L? ([s,00),X). The system 3° := (T, ®° WY FY) is absolutely regular by [78,

loc
Remark 4.6 (a)]. The feedback Iy is admissible since || F'(s+tg, s)|[2 < cté/2 < 1fors>0
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due to Proposition 6.1.2, if we take a sufficiently small g > 0. Then, the three first as-
sertions follows now from Theorem 6.1.5 (a). The assertion (6.2.4) follows from Theorem
6.1.5 (b), since X0 is absolutely regualr and have bounded control operators Idx (in this
case the operators B,, and A(-) in Theorem 6.1.5 (b) are equal to Idx). O

The next proposition gives more properties for the perturbed evolution family V on X
obtained in Proposition 6.2.2.

Proposition 6.2.3. Let (T, V) be a non-autonomous observation system (on X,Y ) rep-
resented by the operators C’(t) If Assumption 6.2.1 holds, then

KYf € Dy(C() and [[COKY fllraostily) < € 2 IF | r(osttolx) (6.2.6)

fors>0,veX, 0<ty<ty, fel? (R, X), and a constant ¢ = c/(t;) > 0.

loc

Proof. The assertion (6.2.5) follows immediately from (6.2.1), Proposition 6.1.1, Propo-
sition 6.1.2 and (6.2.3). We now show the assertion (6.2.6). Let then s >0, 0 <ty < ¢
and f € L} ([s,00),X). Due to (6.2.1), the function [s,s + to] X [s,s + to] D (t,0) —

loc

B(1)V(7,0)f(0) is measurable for f in the subspaces

As = span{p( )V (,o)zr:x € X, 0 >s, p€ C(Ry), p(t)=0for s <t <o }.

Thus, by density it is measurable for f € L2 ([s,00), X) (the density of A, is proved in

[13, Theorem 3.12]). Thus, one can define the function

gs(t) == /tB(t)V(t,O')f(O')dU

fort > s> 0and f € Lj (Ry,X). On the other hand, Fubini-Tonelli’s theorem and
(6.2.1) imply that

s+to t B s+to s+to B
[ [1seveos@pad= [ [ 1OV @) o
< 'YQHfH%P([s,sHOLX)- (6.2.7)

Now, Hoélder’s inequality, Fubini’s theorem and (6.2.7) imply that

s+to s+to T _
/ los(OIP dr <t / / \B(r)V (r,0) () do dt

< b0V F 72 (s, 40), ) (6.2.8)
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On the other hand, by (6.2.3) and Fubini’s theorem, we obtain
®ENO = ®NO+ [ [ 1700V E050) dr do

= (KT f)(t) + / T(t, T)/ B(T)V(T o)f(o) do dr
= (KI(f +9:)(t)

for t > s > 0. Thus, the assertion (6.2.6) follows now from (6.2.8) and Proposition
6.1.2. L

The following theorem gives the invariance of admissibility of observation for perturbed
evolution families.

Theorem 6.2.4. Let (T, V) be a non-autonomous observation system (on X,Y ) repre-
sented by the operators C(t). Assume that Assumption 6.2.1 holds. If we set

\IIV( ) X — Lloc([57oo)7y)7 ‘IJV(S)x = é()v(a 8).%', s >0,
then (V,Uy) is a non-autonomous observation system (on X,Y ) represented by é(t)

Proof. By (6.2.5), the operators Wy (s) are well-defined, linear and bounded from X to
L2 ([s,00),Y). In fact, by (6.2.3), Proposition 6.1.2 and (6.2.5), we have

[ e a < [ j@eaoR a2 [ ICORBOVE sl @

< 29%||z|* + QCtOHB(')V('a 5>$Hi2([s,s+to],x)
< B|=|?

for s > 0, to > 0 and constants ¢, 3 > 0. Moreover, by using (6.2.3), it is easy to see
that (V, Wy ) is a non-autonomous observation system on X, Y. Let now s > 0, ¢ > 0 and
x € X. Then

a3 [ w00
1 s+t _ T
= g/s Co)K;B(-)V(:,s)z)(o)do. (6.2.9)

So, by Holder’s inequality and Proposition 6.1.2, we obtain

1 s+t N N
H;/ C(o)(KEB()V (-, s)x)(o)do|| < c|B()V (-, )zl r2(s,segx) — 0 ast — 0.

Thus, due to (6.2.9), we have

s+t s+t

Pi%% (@V(s)x)(a)da:%% (U (s)2) (o) dor
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6.3 Non-autonomous equations with state delays
In this section we consider the non-autonomous delay equation

(t) = A(t)x(t) + L(t)xy, t>s>0,

(6.3.1)
LE(S) =T, ITs=,

where z : [s —1,00) — X is the solution, 2° € X and f : [-1,0] — X are given, and z; is

defined by z:(0) = z(t+0) for 6 € [—1,0]. At first, we assume that the initial data satisfy

2% = ¢(0) and ¢ € £ := C([—1,0],X) and that the linear delay operators L(t) : E — X,

t > 0, are uniformly bounded and strongly measurable in ¢. We shall concentrate on muld

solutions of (6.3.1), i.e., we are looking for z € C([s — 1, 00), X) such that

x(t) = T(t, s)a° +/ Tt 7)L(1)zrdr, t2s20, (6.3.2)

z(s+6)=p@), —-1<6<0,

where A(t), t > 0, generate the evolution family T'(¢,s), ¢ > s > 0, on X. Observe that
(6.3.2) makes sense whenever we have an evolution family without any reference to the
generators A(t). Thus we will study the more general case that just T'(¢,s) and L(t)
are given. It is easy to solve (6.3.2) by a fixed point argument. This gives rise to an
evolution family V'(t,s)f := x; on E solving the problem. (See e.g. [78] for more details
and also for differentiability properties of mild solutions.) However, from the perspective
of control theory it is necessary to extend this evolution family to L*([—1,0], X') (more
precisely to X x L*([—1,0], X), see below). In the autonomous case this can be done in
great generality, see e.g. [4, 5], [6]. But in the non—autonomous case, Example 6.3.3 shows
that this extension requires an additional assumption. Lemma 6.3.1 below is the crucial
step for extending the evolution family to L?([—1,0], X). Before we can state it, we have
to introduce some notation.

For a Banach space Z, we denote by Sz(t,s) = Sz(t —s), t > s > 0, the evolution
family associated with the left shift semigroup Sz(-) on L?*([—1,0],2) (see (2.0.1)). We
study delay operators L(t) satisfying

s+to
/ |L)Sx(t, ) FIPdt < 2|12 ()

for s >0, f € E with f(0) =0, to > 0 and a constant v = y(ty) > 0.

The condition (H) means that L(t) are non-autonomous admissible observation oper-
ators for Sy. In the sequel we will see that this condition allows us to extend (6.3.2) to
the L?-setting. To this purpose, we introduce the Banach space

Xo =X x L*([=1,0], X)  with the norm  [[(F)[1%, = [l=I* + [ /1.
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We define on Xj the operators

T(ts) = (T%j) SX((; S)) > s>o0, (6.3.3)

Tt+0,s)r, s—t<0<0,
0, —1<0<s—t,

(Th,s2)(0) := {

for 0 € [-1,0], x € X, and t > s > 0. It is straightforward to check that (7 (¢, s))i>s>0 is
an evolution family on Xy. Next we define

D= {(F) € X x C([-1,0, X) : f(0) =},

L) = (8 Lét)) with D(L(t)) =Dy, t>0.

Observe that 7 (t,s) yields also an evolution family on Dy, which is a Banach space
endowed with the norm ||z|| + || f||co. We further set

1®z)0) ==z for z € X and 0 € [-1,0].
Condition (H) now implies the admissibility of £(?).

Lemma 6.3.1. Assume that T is an evolution family on X and that L(t) satisfy (H). Then
L(t) are admissible observation operators for T on the state space Xy and observation
space Xj.

Proof. Let s >0, to > 0, and (7) € Dy. Then (H) implies that

[ ieoTe g (= [ IR0 @ + Sxte )P
s+to
:/ LTy + Sx (£, 5)(1 ® 2)] + LE)Sx (¢, 8)[f — (1@ 2)]|? dt
<2|LO)I / U T+ Sx(t ) (L@ 22 4+ 2 / LSkt 9)f — (Lo )P di

s+to
<2 ||L(')H§o/ T + Sx(t.s) (1 @ 2)5% + 271 f — A @ 2)]3

<c(lzI*+11£13)
for constants ¢ > 0. ]

In the sequel we denote by L£(t) the Lebesgue extension of L£(t) with respect to 7T,
and by L(t) the Lebesgue extension of L(t) with respect to Sy. Observe that ﬁ(t)(?) €
X x {0} C & for (7) € D(L).
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Proposition 6.3.2. Assume that T' is an evolution family on X and that L(t) satisfy

(H).

(a) Then, there is a unique evolution family Tp, on Xy such that T(-,s)( ) € Dy(L(")),

H["(),]-L(a S) ( fZ ) ‘|L2([S,S+t0],Xo) < ’}/H ( g ) HXO s (634)

Tt s)(3)=T(ts)() +/ T(t,7)L(T)T1(7, 5)(

€8
~—
U
R
—~~
&
w
ot
N~—

Tt s)(5) =T(ts)(g) +/ To(t, 7)L(T)T (7,8)(§) dr (6.3.6)

for all (fﬁ) € Xy, s>0, to >0, and a constant v = y(ty) > 0.

(b) Moreover, Ti(t,s) leaves Dy invariant and yields an evolution family on Dy, too.
Therefore we can replace £(T) by L(T) in (6.3.5) and (6.3.6) if (5) € Do. If we set
(Z)(('?)) =T.(t,s)(§) fort > s and v(t) = p(s—t) for s —1 <t < s and (§) € Xy, then
w(t) = v;. In particular, v is the unique mild solution of (6.3.2) if () € Do.

Proof. The assertion (a) follows from Proposition 6.2.2 and Lemma 6.3.1. We now show
(b). Observe that first and second component of the integral in formula (6.3.5) are equal
to

t B (t+0)Vs B
/ T, 7)L(T)TL(r,s)(F)l1dr and / Tt+6,7)L(T)To(r,s)(F)h dr (6.3.7)

respectively, where (7) € Xy, 6 € [-1,0], ¢ > s > 0. As a result, the integral takes values
in Dy, and estimate (6.3.4) shows that 7 (¢, s) is exponentially bounded on Dy. It is then
easy to check that 77 (t,s) yields an evolution family on Dy. The remaining assertions
now follow from (6.3.5), (6.3.3), and (6.3.7). O

The following simple example shows that one really needs an extra assumption in
Proposition 6.3.2, cf. Example 6.3.6.

Example 6.3.3. On X = C we consider
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Suppose that f is continuous and f(0) = 0. Then,

:/Of(r—%)dT:/_%Qf(T)dT for Oﬁtéi,
1

_/14f(r)d7+(t—}l)f(—}l) for 1<t<l.
T2

Hence, x(t) does not depend continuously on f in the L?>norm. Thus, 77(-,-) can not be
continuously extended to &} in this case. O]

Next, we propose a large class of delay operators L(t) satisfying (H). We first recall
some notation. For a Banach space Z we denote BV ([—1,0], Z) the space of all functions
0:[—1,0] — Z of bounded variation (see Section 2.3 of Chapter 2). We now introduce
the assumption

(H’) The function R, x [-1,0] > ( 0) — ((t,0) € L(Z,X) is strongly measurable in

(t,0) such that ¢(t,-) € BV([ ,0], £(Z, X)) with total variation 7,(¢,-). There are
constants ¢, and ¢, such that Hm( ;)] < ¢ for t >0 and

/ 165 + 4,0 — ) — 0(s + 1,0 — )] dt < |0’ — ],
0

for 0,0 € [-1,0], s > 0, and some 0 < o < 1.

Lemma 6.3.4. Assume that ((-,-) satisfies (H’) with X = Z. We define

Lt)f = / dl(t,0)F(6)

-1

for f € C([—1,0], X) with f(0) =0, and t > 0. Then L(t) satisfies (H).

Proof. Let s > 0,0 < a <1, and f € C([—1,0],X) with f(0) =0. Set o; = (j —n)/n
forn € Nand j € {0,---,n}. For each fixed t € [0, 1], we have

L(s+1t)Sx(t)f = /_: dl(s+t,0)f(0+1)
= lim Z[£<t+s,gj —t) = L(t + 5,051 — )] f(0;).

(Recall that £(¢,0) = 0if § < —1.) We set Aj(t,s) =L(t+s,0; —t) —L(t + 5,0j_1 — 1)
for t,s > 0and j =0,1...,n. Fatou’s Lemma, the Cauchy-Schwarz inequality and (H’)
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then imply that

2
dt

/a||L(s+t)SX(t)f||2dt < liminf/a zn:/\j(t, 9)f (o)
0 n—oo  Jq o

n—oo

<timint [ 314,53 Il 1)t
0 j=1 j=1
< crlimint Y~ )17 [ 14,(e,)] d
i=1 0
<cedy lim [ f(0)1? o — 051

7j=1
0
—ac, [ (@) do 0
-1

The next example indicates that for time-independent kernels ¢ assumption (H’) always
holds. The second example shows that a time depending delay f(—p(t)) is admissible if
P is strictly smaller than 1.

Example 6.3.5. Let (y(-) € BV(|—1,0],£(X)) and £,(-,-) : Ry x [-1,0] — L(X) be
strongly measurable such that || (¢, )|l < ¢1 for all ¢ > 0, where || - ||, is the Lipschitz
norm. We set

0t,0) = 01(,0)60(0), (t.0) € Ry x [~1,0).

Then ¢(-, -) satisfies the condition (H’). In fact, let no(7) = |¢|([—7, 0]), the total variation
on [—7,0]. Then 7o is nondecreasing and ||¢y(7) —lo(0)|] < 1o(7) —10(0) for all o < 7 < 0.
For0<a<1, -1<6<6 <0, and s > 0, we then obtain

[ s 0=t~ ts-4 1,0 - 1))
0
S/‘Wﬂs+t9—ﬂ—%A&+m9—DW%W“%th
0

—5/naw+ue—ww%wt%»—%w—wnﬁ
0

00 o’
< calfd — 0|+ c/ (no(6" —t) — (6 — 1)) dt = ca|0 — 6] + c/ no(7) dr
0 0
< cla+m0(0))[0" — 0|
for some constants ¢ > 0. L]
<

Example 6.3.6. Let ¢;(-,-) be as in Example 6.3.5 and let p € C'(R, ) such that p/(¢)
1—9 for t > 0 and some d > 0. We set

E(t,@) — {El(tve)v 9 2 —p(t),

0, 0 < —p(t), and I(s,0):={te€0,a]:t—p(s+t) <6}
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for (t,0) € Ry x [-1,0], 0 < a < 1, and s > 0. Then £(-,-) satisfies (H’). Indeed, let
A be the Lebesgue measure and —1 < § < ¢ < 0. Observe that the function ¢4(t) =
t—p(s+t),tel0,a],strictly increases and that [p; '], < 671 Then we can estimate

/||f<s+t,e'—t>—e<s+t,e—t>||dt
0

:/ H&(SH,H'—I?)—51(5+t,9—t)\|dt+/ [61(s +¢,0" —1)|| dt
1(s,0) 1(s,0)\I(s,0)

<cald — 0| +c Mt e0,a], 0 <ps(t) <6}
=calt — 0] +clp;H(0) = O)| < (67 +a) |8 9], O

In the remainder of this section we shall concentrate on delay operators L(t) €
Cy(Ry, L(E, X)), the space of uniformly bounded and strongly continuous operator
valued functions. We then show that (H) implies that the mild solution of the de-
lay equation (6.3.1) satisfies a variation of constants formula for initial history function
¢ € L*([-1,0],X). Moreover, this later coincides with (6.3.2) for ¢ € C([-1,0], X).
Intuitively, all these can be obtained if one computes the expressions of £(t) (via (6.3.5)).
To this purpose we introduce the following auxiliary operators.

Definition 6.3.1. Let L(t) satisfy (H). We then define their mass operators by

L(t)z:=Lt)(1®z) — L{t)(1® ) (6.3.8)

forz € D(L(t)) ={x € X: (1®xz)e D(L(t))}.
Throughout (Sx, ¥*) will denote the non-autonomous observation associated to delay

operators L(t) satisfying (H).
The next proposition characterizes the boundedness of the mass operators.

Proposition 6.3.7. Assume that L(t) satisfy (H). Then, the mass operators associated

to L(-) are linear bounded in X if and only if (1 @ x) € D(L(t)) for allx € X andt > 0.

Proof. The direct implication follows obviously from Definition 6.3.1. To prove the con-
verse it suffice to verify that L(t) are closeable. In fact for each fixed t > 0, let x, z,,, y, € X
be such that z,, — x and L(t)x,, — y; as n — oo. It is clair that

Yy = L)1 @ z) — lim L(t)(1 ® z,).

n—oo

We now claim that L(t)(1 ® (z, — x)) — 0 as n — oo. In fact, we have

LA ® (2 — 7)) = y{%% t " L(0)Sx (0, )1 ® (2 — 7) — ¥ (2 — 7)) do
+ P{%% tt+T(WL(t) e7 (z, — x))(0) do.
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On the other hand,

1

< LO) ool ® (2 — 2) — €7 (20 — 7)o
< 2/|L() oo llzn — 2.

Then
1 t+71 L
lim lim — L(0)Sx(0,t)(1® (v, —x) —e7 (z, —x)) do = 0.

n—ooT\0 T J,
Moreover, by Holder’s inequality, we have

2] @) e = 0)0) do]) < Lol =l = 2 () 51

< Awn — 2
for 7 € (0,1) and a constant v > 0. Thus
t+7

lim lim 1 (Th(t) e%'(.rn —z))(o) do = 0.

n—oo 7\0 T ¢

The claim then now follows and hence y; = L(t)x. Therefore, by the closed graph theorem,
the operators L(t) are bounded. O

Lemma 6.3.8. Assume that L(-) € C,(Ry, Ls(E, X)) satisfies (H). Then E:={g € E:
g(0) =0} € D(L(t)) and L(t) = L(t) on E for all t > 0.

Proof. Let f € E and t > 0. Since L(-) € Cy(Ry, L,(F, X)), then WE(t)f : R, — X is
continuous. Hence

t+7
}11{(1]% t (TE(t)f)(o)do = (T*(t) f)(t) = L(1)f.
This implies that f € D(L(t)) and L(t)f = L(t)f. O

The following Lemma gives an explicit expression for the Lebesgue extensions ﬁ(t)

Lemma 6.3.9. Assume that L(-) € Cy(Ry, Ls(E, X)) satisfies (H) and has bounded mass
operators. Then

=
o
[l

D(

o>
S
I
e
X
S
'l
—~
W
S—
N~—
&
=
(oM
It
I
7N

(8)) (6.3.9)

for all s > 0.



6.3. NON-AUTONOMOUS EQUATIONS WITH STATE DELAYS 69

Proof. Let (via Lemma 6.3.1) (7, ¥) be the non-autonomous observation system associ-
ated to L(-). For s >0, (7) € Dy and t € (0, 1] we obtain

I CIRGY

s+t
[W(s)( y—aerop)](T) dr +
s+t o
(HSCA=00000) g4 5 [ [F() ) () dr

(WHEU-aeron) )d¢+% / [W(s)(aee )](7)dr

(O ) dr — 1 / (s ) dr
t

»

|
=

s+t

s+t

s+t

S e SRS N B A e B

— T T T

+%/ [W(s)( aéa))] (1) dr. (6.3.10)

~ | =
c\
®
+
~
/\l
VA
~—
—~
8
~—
—
3
~—
QU
)
|
|

1 s+t o . 1 s+t . .
L[ EOGE@dreg [ (o)

15 s+t . 15 S-‘y-t_ N
[t 1 [T (a2

By letting n — oo we have

1 1

s+t s+t .
OG- [ (g ar -

_%/ ((@L( s) (1) (r )d7+1/: [(s)( (18a) )](7) dr, (6.3.11)

by Hélder’s inequality and (6.1.3). Since ((15@)) € Dy then, as in Lemma 6.3.8, we have

Ju—
g
—
N~—
—~
—
=
®
&
~—
—
9
N~—
QL
)
I
o
—~
~—
—~
—
-y
®
g
~—
I

(EEe)), (6.3.12)

Now, since (1 ® z) € D(L(s)), by Proposition 6.3.7, then by using (6.3.11) and (6.3.12)
we have () € D(L(s)) if and only if € X and f € D(L(s)). In this case, by letting
t — 01in (6.3.11), we obtain

L’(s)(?) =L(s)x + L(s)f

for () € X x D(L(s)) and s > 0, by (6.3.8). O
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Lemma 6.3.10. Assume that L(-) € Cy(Ry, Ls(F, X)) satisfies (H) and has bounded
mass operators. Then

Lt)f = L) f(0) + L(t)f for feDL(E)NE, t>0.
Proof. Let t > 0 and f € D(L(t)) N E. Since (f(0), f) € Dy then

(L(t)f,0) = L{)(F(0), f) = LO)(f(0), ) = (L) f + L(1) £,0),
by Lemma 6.3.9. L

The following proposition shows a variation of constants formula for the solution of
(6.3.1) corresponding to history function in L?([—1,0], X). This formula is expressed in
terms of the mass operators and Lebesgue extension of the delay operators.

Proposition 6.3.11. Assume that L(-) € Cy(Ry, Ls(E, X)) satisfies (H) and has bounded
mass operators. Let z(-) be the solution of (6.3.1) corresponding to the initial conditions
ze€X and ¢ € L*([-1,0],X). Then z, € Dy(L(-)) and

ﬂﬂ:T@$$+/lﬁpﬂM®ﬂ®+iwnﬂm (6.3.13)

=Ty x+ Sx(t —s)p + / T(t,o)[L(o)x(o) + L(0)xy]do (6.3.14)

fort > s. In particular, z(-) satisfies (6.3.2) if (%) € Do.

Proof. By Proposition 6.3.2 and Lemma 6.3.9 we have (z(-),zs) = T1(-,5)(§) € X x
D,(L(-)) for all s > 0 and (%) € X. Moreover, the equalities (6.3.13)—(6.3.13) follow
from (6.3.3), (6.3.5) and (6.3.9). We now take () € Dy. Since 7y, is an evolution family
on Dy it follows that z, € D(L(c)) N E for almost every o > s. Hence, by Lemma 6.3.10,
the formula (6.3.13) coincides with (6.3.2). O

6.4 Non-autonomous systems with state and control
delays

In this section we shall study non-autonomous linear systems with state and control
delays. We then start with a (absolutely) regular linear system (7, ¥, ® F) on the state
space X, control space X and observation space Y. Afterward we add state and input
delay operators

L@fz/}ﬂ@@ﬂ% and K@g:/lm@mmm

-1
f e C(—1,0],X), g € C([-1,0,U), t > 0, whose kernels ¢ and k satisfy assumption

(H") for X = Z and U = Z, respectively. We then denote the obtained delay system by
(nLDS).
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It is the aim of this section to show that (nL.DS) determines a non-autonomous (abso-
lutely) regular linear system.
We set

K(t) = (¥1): C([-1,0,U) — X,

| Tuts) [Tt T)K(T)Su(T,s) dr
Tt s) "( 0 Su(t, s) )

for t > s > 0, where 7, k(t, s) is at first defined on the space
D= {(‘raf?g) € DO X C([_]-?O]v U) : g<0) = 0}

Using (6.3.5) and arguing as in the proof of Proposition 6.3.2 (b), one verifies that 7 x(-, )
is an evolution family on D. Due to Lemma 6.3.4, there exist the Lebesgue extensions
K(t), t > 0, of the restriction of K(t) to Co([—1,0),U) with respect to Sy. Thus we may
define

K(t) = (K0 : D(K(t)) CU — X,
The state space of our final linear system will be
X =X x L*([-1,0], X) x L*([-1,0],U)

endowed with the usual norm (as in Chapter 5). Observe that Proposition 6.3.2 allows to
extend 77 k (-, -) to a strongly continuous evolution family on X', given by

t R (7)Su(r.9)
Trx(t,s) = (TL%’S) J; TL(t’T;(U(t 3 ) dT) . t>s>0, (6.4.1)

which will be the evolution family of our final system. The right upper entry of this
matrix feeds the initial history & = wus of the input u into the system: the right lower
entry shifts ¢ according to the time step from s to ¢.

We now proceed in three steps: First we apply the non retarded observation of the
given undelayed system. Then we add the undelayed observation and the input delay
L(t). Finally, we combine both parts by an input-output operator and investigate the
feedback problem.

First, we suppose that (7', ¥) is a non-autonomous observation system on X and Y
with representing operators C (t) as in (6.1.5). As a preliminary step, we define

C(t):= (C(t) 0) with D(C(t)):= D(C(t)) x L*([-1,0],X), t>0. (6.4.2)

Lemma 6.4.1. Under the above assumptions we have TL(-,s) € Ds(C(+)) for s > 0. In
particular, the operators

Ue(s)(5) = COT(-9)(5), (5) € X, 520 (6.4.3)

define a non—autonomous observation system for Iy, on Xy and Y which is represented by
the operators C(t) : D(C(t)) — Y.
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Proof. By Proposition 6.1.1 and (6.3.3), it is clear that Wo(s)(F) :==C(-)T(-,s)(F), s >
0, (7) € X, define a non-autonomous observation system for 7 (on Xy and Y') which is
represented by C(t). Thus, the Lemma now follows from Theorem 6.2.4. O

As a result, Propositions 6.1.2 yields that

[ Tr) (Fosgan) ar e Diet) (6.4.4)

for all g € L*([—1,0],U) since K(-)Sy(-,s)g € L2 ([s,00),X). Thus we can define the

loc
operators

U k() £,9) = Wi (s)(3) + C(KTE (KOSe0) (6.4.5)
for s >0 and (z, f,g9) € X.

Proposition 6.4.2. Assume that (T, V) is a non—autonomous observation system on X
and Y with representing operators 5(15) : D(é’(t)) — Y and that the kernels ¢ and k satisfy
assumption (H’) for X = Z and U = Z, respectively. Then (11, k., V1 k) defined in (6.4.1)
and (6.4.5) yields a non-autonomous observation system on X and Y with representation

Cri(t) == (C(t),0,0) : D(CLx(t)) — Y and D(Crx(t)) == D(C(t)) x L*([~1,0], X) x
L2([~1,0,U), t > 0.

Proof. Lemma 6.4.1 and Proposition 6.1.2 show that the operators Uy 1 (s) satisfy the
estimate in (6.1.3). Let now (x, f,g) € X and p >t > s > 0. Then

Thus we have shown the first assertion. The representation of the observation system can
be computed as in the proof of Theorem 6.2.4. O]

In the second step, we suppose that (7', ®) is a non—autonomous control system on U
and X. Let t > s >0, 0 € [-1,0], and u € L? ([s,00),U). Then we define

loc

o O(t+ 6 t+6>
(L, s)u = (@(t, s)u> ) (Pr,5u)(0) == (t+0,5)u, t+02s,
(I)t7su 07 t+60 < S,

(Ry,su)(0) == {u(t +0), t+0>s,

0, t+60 <s.
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Observe that &D(t, s)u € Dy. Let 0 < s < p <tand

ul(T)7 pST St,
<7<

u(r) = {UO(T), ,

for given functions ug,u; € L2, ([s,00),U). Then one easily checks that
Rt,su = Rtwul + SU(t, p)Rp,SUO' (646)
The following result can be proved in the same way as Lemma 6.3.4.

Lemma 6.4.3. Assume that k(-,-) satisfies (H’) with U = Z. Let u € C([s,00),U) with
u(s) = 0. Then we have

S+
/ VK (8) Resul[2dt < cllull2a s 00

for0 < a < ag, s >0, and a constant ¢ = c¢(ag) > 0.

The above lemma allows us to extend the mapping u — K (-)R. su to a continuous map
from L2 ([s,00),U) to L2 ([s,00),U). We denote this extension by u +— h, = h(u). We
can now define the desired non—autonomous control system:

B et s)u = (@(t s > n (f Tr(t, 1) £(7’)<T>(7', s)ud7'> (f TL(t, T)K(T )RﬂsudT)

0 0 Rt ,sU

_ ((p(t s ) (f Tt T ,C(T)(/I\D(T,s)uch') (f 7.(t, 7) (hu )dT> (6.4.7)

0 0 Rt ,sU

for t > s >0 and u € C([s,00),U) with u(s) = 0 in the first line and u € L} ([s,0),U)
in the second line. We discuss this definition after the following result.

Proposition 6.4.4. Assume that (T, ®) is a non—autonomous control system on U and X
and that the kernels ¢ and k satisfy assumption (H’) for X = Z and U = Z, respectively.
Then the pair (T, x,Pr k) defined in (6.4.1) and (6.4.7) is a non—autonomous control
system on U and X .

Proof. Using the estimate in (6.1.1) and (H’), we estimate

/:+t 1£(0)®(0, s)ul|* do < /:ﬂ {/(0 |®(c + 6, s)ul|dn (o, e)r do

s—o)V—1
2

s+t 0
< | { N E—— e)} do
< Pt ||U||2L2([s,s+t],U) (6.4.8)
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for s > 0,0 <t <ty and u € L} ([s,00),U). Inequality (6.4.8) and Lemma 6.4.3 imply
that @, x(t,s) satisfies the estimate in (6.1.1). Let 0 < s < p < t, ug € C([s,0),X)
with ug(s) =0, and u; € C([p,00), X) with ug(p) = ui(p) = 0. We define the continuous
function

(), p<T <A,
u(r) = { sy < (6.4.9)

Then we obtain

& _ (I)(t7p)u1 +T(t,p)@(p,8)ﬂ0
O(t,s)u =
D, pur + Sx (L, p) P, suo + 17, P(p, s)uo

= T(t,p)2(p, s)uo + O(t, p)us

Hence (6.4.6) and (6.3.6) imply that

Ok (t,s)u = (T(t’ P2 (p. S)(;LO +®(t, P)Ul)

. <f,f T4 (6,7)L(7)[B(r, p)us + T (7, p)B(p, 5)uo) m)

=}

+

To(t,p) [* T(p, )£<7)&>(7,s>u0d7>
0

p

( Rt pul + SU<t p)Rp,SUO

To(t,p) [P Ti(p, T)K(T) Ry sug dT)

+

ft To(t 7)(Ry pu1 + Sy(T, p)RP’SU())dT)

* 0

= &y (L, p)uy + <TL(75,/0) [&S(pa s)ug + fsp'(])'L(p, T)ﬁ(T)EI\)(T, s)uodq—]>

N Ti(t,p) [P Ti(p, T)K(T) Ry suodT + f; Ti(t, 7)IC(T)Su (T, p) R, suodT
SU(ta p)Rp,SUO
=& k(t, p)ur + T i (t, p)Pr i (0, 5)Uo

The set of the above used u is dense in L,

approximation. ]

([s,00),U), so that the assertion follows by

Define the operators
t
Oy (t, s)u:= d(t, s)u +/ TL(t, 7)L(T)P(T, s)udr (6.4.10)

fort >s>0and u € L2 ([s,00),U). As in the previous proof one shows that (77, ®,) is
a non—autonomous control system on U and AXj. It describes the effect of the given input
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® to the delay system solved by 7;. The remaining third summand of ®, x stems from
the additional retarded control operator K (t). To see this more clearly, Since (T, ®) is
a non-autonomous control system on U and &j (see the proof of Proposition 6.4.4), we
observe that there exist bounded control operators B, (t) € L(U, X) such that

t
O(t, s)u = lim T(t7o.)(Bn(O'0)u(a)) do

for u € L2 ([s,00),u) and t > s > 0, due to (6.1.2). This limit exists in Dy locally
uniformly in ¢. Hence, (6.4.10), Fubini’s theorem, and (6.3.6) yield

n—oo s n—o0

:nhiﬁlo { (t,0) /TLtT )T (¢, )dr}(B gu( ))da

= lim TL(t, o) (B”(”O)“(U)) do

¢
®p(t,s)u= lim [ T(t,o)("" n(o)u U)) do + lim ’TL t,7) / T (r,0) (P ‘7)“ ‘7)) do dr

fort > s > 0and u € L} ([s,00),U). Thus ®; has the same approximative control
operators as ®. We further remark that &, satisfies

O, (t,s)u= D(t,s u+/ T(t,7)L(T)PL(T,s)udr (6.4.11)

fort > s> 0and u e L} ([s,00),U). In fact, from (6.4.10), Fubini’s theorem, and (6.3.6)
we deduce as above that

/’TtT )P (T, s)udr
/TtT (TSUdT—l—/TtT /TLTJ )®(0, s)udo dr
/7'Lt7 (7’ s)udr.

Finally, we suppose that (T, ®, ¥, F) is a non-autonomous regular system. We introduce
the (canonical) input—output operators for ¥y, x and ¢, x by setting

Frr(s)u=Crr()®r k(- s)u (6.4.12)

for w € L2 ([s,00),U and s > 0, where Cy, i (t) was defined in Proposition 6.4.2. The-
orem 3.11 of [77] shows that F(s) = C(-)®(-,s)u is a well-defined operator. More-
over, Lemma 6.4.1 and Propositions 6.1.2 and 6.4.2 imply that one can apply Cp k(t)
to @1, x(t, s)u. Thus the operators Fy, x(s) : L3 .([s,00),U) — L3 .([s,00),Y) are well-
defined.
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Theorem 6.4.5. Assume that (T,V, ®,F) is a non-autonomous regular system on the
spaces X,Y, and U with representing operators é(t) and that the kernels ¢ and k satisfy
assumption (H’) for X = Z and U = Z. Then ¥k = (To.x, Vi x, Pr i, Fr i) defined in
(6.4.1), (6.4.5), (6.4.7), and (6.4.12) is a regular system on U, X, and Y. It is absolutely
reqular if and only if F is absolutely regular. Suppose that A(-) € L¥(Ry, Ly(Y,U)).
Then, A(-) is an admissible feedback for F, i if and only if it is an admissible feedback
for Fr k. In this case the closed loop system E%’K has the same observation operator
Crx(t) and satisfies

S8 (b 8)~Spxclt, 5) = Srclt, ) (8 A(z_)) S8 (b 5) = T2 (1, 5) (8 A(z')) St s).

fort > s >0 (where we used an analogous notation as in (6.1.8)).

Proof. Using [77, Thm. 3.11], Lemma 6.4.1, Proposition 6.1.2, and Lemma 6.4.3, one can
verify that the operators Fg 1 (s) satisfy (6.1.7). Next, let u be defined as in (6.4.9). Then
we obtain

Frx(s)u=Crr(-)Pr (-, t)ur + Crx(-)To,x (- t)Pr i (t, 5)ug
= FLK(t)ul + \IILJ((t)(I)L,K(t, S)Uo,
due to Propositions 6.4.2 and 6.4.4. Thus (7;, i, Pr x, Vi k,Fr k) is a well-posed non-

autonomous system. To check the regularity of the system, we set u,(c) = z for z € U
and o > 0. At first, we note that

1 s+t b 1 s+t
; / Cri (o) (P do = - / C(o)®(0, s)u, do — 0

as t \, 0 by the regularity of F(s). Lemma 6.4.1 and Proposition 6.1.2 allow to estimate

1 s+t R s+t .
: / IC(o) (KT L()(, s)us)(0)|P do < ¢ / 1LO)B(C, sy dr (6.4.13)
<ct sup [®(o,s)u.|* <ct?|z||* (6.4.14)
s<o<s+t

for constants ¢ > 0. Take functions «,, € C([s,0)) such that 0 < a,, < 1, a,(s) = 0 and
ap(t) =1fort > s+ %, and n € N. Then we set u,, = a,u,. Observe that u, — wu, in
L? ([s,0),U) so that

loc

s+t s+t
/ |h(u.)(0)|]? do = lim/ | K (0) Ry st ||* do

s+t
<c limsup/ | Ro st do < cit]| 2|
S

n—oo

This estimate and the same arguments as above imply that

s+t
] Ie@EE () @) de < (6.4.15)
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As aresult, (7, x, Pr i, Vi i, Fr i) is regular. Moreover, its absolute regularity is equiv-
alent to the absolute regularity of (7', ®, ¥, F) due to estimates (6.4.14) and (6.4.15). As
in (6.4.14) and (6.4.15) one further shows that

—_

|(Fre,r(s +to,8) — F(s +to, $))AC) |l e(r2fs,stao)y)) < ctg < 3

if ¢y is sufficiently small. This shows the assertion concerning admissibility. The final
assertions follow from Theorem 4.4 and Proposition 5.1 in [77]. [
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