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Uncertainty Principle, Phase Space Ellipsoids
and Weyl Calculus
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Abstract. We state a precise form of the uncertainty principle in terms of
phase space ellipsoids, which we then express in terms of the symplectic ca-
pacity of phase space ellipsoids. We apply our approach to the study of the
positivity of the Wigner transform of a pure quantum state, and of that of
the Weyl operator associated to the average of a positive symbol over a phase
space ellipsoid.
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1. Introduction

The uncertainty principle from quantum mechanics is stated in most introduc-
tory texts in physics (and in practically all mathematical texts!) as the set of
“Heisenberg inequalities”

∆pj∆xj ≥ 1
2� , 1 ≤ j ≤ n (1)

where ∆xj and ∆pj are the standard (RMS) deviations for the position and mo-
mentum quantum operators X = (X1, . . . , Xn) and P = (P1, . . . , Pn) in a given
quantum state Ψ. (More generally X and P could be any pair of vector-valued
quantum operators satisfying the commutation relations [Pj , Xk] = i�δjk). In
physics the inequalities (1) are interpreted as follows: suppose we perform position
and momentum measurements on the system represented by the state Ψ; then
the measured values xj and pj will lie in some intervals [x̄j − ∆xj/2, x̄j + ∆xj/2]
and [p̄j −∆pj/2, p̄j +∆pj/2] where ∆pj∆xj ≥ 1

2�. Observing that the Heisenberg
inequalities (1) are equivalent to

(
1
λ

)2 ∆p2
j + λ2∆x2

j ≤ � for all λ > 0 (2)
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a heuristic interpretation of the uncertainty principle is the that it does not make
sense to distinguish two points (x, p) and (x′, p′) of phase space if their xj , pj

coordinates lie inside an ellipse
(

1
λ

)2 (xj − x̄j)2 + λ2(pj − p̄j)2 = � , λ > 0 (3)

in the xj , pj plane; note that the intersection of all these ellipses consists of the
two hyperbolae (xj − x̄j)(pj − p̄j) = ± 1

2�.
So far, so good. There are however two rubs with this geometric interpretation

quantum uncertainty, the second of which being completely fatal when one wants to
make changes of coordinates. The first is that one is entitled to ask why one makes
particular coordinate planes play such a primordial role in the expression of the
uncertainty principle; the second (which is related to the first) is that the ellipses
(3) have very few symmetries and are invariant only under a very limited number
of linear changes of coordinates; in particular they are certainly not invariant
under arbitrary linear symplectic transformations. The difficulty does actually not
come from the geometric picture itself; it is easy to check that the Heisenberg
inequalities (1) themselves are not invariant under symplectic transformations of
variables. This is due to the fact that any non-trivial linear transformation of
xj , pj will make introduce non-zero covariances between these variables even if
they were originally uncorrelated. As we will see, it turns out that the inequalities
(1) only express the quantum uncertainty principle in a very crude form; it is
precisely the consideration of the covariances that will make possible a global
and symplectically invariant statement of that principle. We will deduce several
interesting consequences from this reformulation of the uncertainty principle.

Notations. Our notations are standard; the natural symplectic form on R
2n
z ≡

R
n
x × R

n
p is given by

σ(z, z′) = 〈p, x′〉 − 〈p′, x〉
and the associated symplectic group is denoted by Sp(n), we will without further
comments identify S ∈ Sp(n) with its matrix in the canonical basis; U(n) is the
image of the unitary group U(n, C) in Sp(n) by the usual embedding A + iB �−→[
A −B
B A

]
.

Acknowledgements. It is my duty –and immense pleasure!– to thank the organizers
of the Växjö Conference for a very congenial and friendly environment; a special
thanks to Professor Joachim Toft for his hospitality and kind invitation to give a
talk.

2. A Strong Version of the Uncertainty Principle

In classical (Hamiltonian) mechanics a state is a point of phase space R
2n
z ≡

R
n
x × R

n
p , or more generally a symplectic manifold M (for instance the cotangent

bundle T ∗X of the “configuration space” X of the system): the important thing
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is to have a symplectic form at one’s disposal. A classical observable is a real
measurable function a (“symbol”) on this phase space. In quantum mechanics one
assumes that the state of a physical system is represented by a vector Ψ ∈ H,
Ψ 	= 0, where H is a Hilbert space (such well-defined states are called pure states
in quantum mechanics). In what follows we will identify that Hilbert space with
L2(Rn); its scalar product is denoted by (·, ·)L2 and the associated norm by || · ||L2 .

Suppose that we are given a classical observable a; to a one associates a
quantum observable, which is a self-adjoint operator A obtained by some “quanti-
zation procedure” (for instance, by the Weyl correspondence). The mathematical
expectation (or: average) value of A in the state Ψ is then the real number

〈A〉Ψ =
(AΨ, Ψ)L2

(Ψ, Ψ)L2

that is:
〈A〉Ψ = (AΨ, Ψ)L2 if ||Ψ||L2 = 1. (4)

Assume that 〈A2〉Ψ exists (and is finite); then the quantity

(∆A)2Ψ = 〈A2〉Ψ − 〈A〉2Ψ
is called the “variance of A in the state Ψ” ; its positive square root (∆A)Ψ is
called “standard deviation”. If B is a second observable with the same properties
then (when defined) the quantity

Cov(A, B)Ψ = 1
2 〈AB + BA〉Ψ

is called the “covariance” of the pair (A, B) in the state Ψ.

Proposition 1. Assume that the self-adjoint operators A and B admit variances
and a covariance. Then

(∆A)2Ψ(∆B)2Ψ ≥ 1
4 Cov(A, B)Ψ − 1

4 [A, B]2Ψ (5)

where [A, B]Ψ is the pure imaginary number ([A, B]Ψ, Ψ)L2 .

Proof. Replacing if necessary the operators A and B by A − 〈A〉Ψ and B − 〈B〉Ψ
we may assume that 〈A〉Ψ = 〈B〉Ψ = 0; it is thus sufficient to prove the inequality

〈A2〉Ψ〈B2〉Ψ ≥ 1
4 Cov(A, B)Ψ + 1

4 [A, B]2Ψ. (6)

Since A and B are self-adjoint we have 〈A2〉Ψ = ||AΨ||2L2 and 〈B2〉Ψ = ||BΨ||2L2

hence, using Cauchy–Schwarz’s inequality:

〈A2〉Ψ〈B2〉Ψ ≥ |(AΨ, BΨ)L2 |2 = |(ABΨ, Ψ)L2 |2.
Noting that AB = 1

2 (AB + BA) + 1
2 [A, B] this inequality can be rewritten as

〈A2〉Ψ〈B2〉Ψ ≥ |12 ((AB + BA)Ψ, Ψ)L2 + 1
2 ([A, B]ΨΨ, Ψ)L2 |2.

The self-adjointness of A and B implies that (AB + BA)Ψ, Ψ)L2 is real and that
([A, B]Ψ, Ψ)L2 is pure imaginary; the inequality (6) follows. �

The following consequence of this result is immediate:
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Corollary 2. Assume that A = Xj, the operator of multiplication by xj and B =
Pj = −i�∂/∂xj. Then

(∆Xj)2Ψ(∆Pj)2Ψ ≥ 1
4 Cov(Xj , Pj)Ψ + 1

4�
2. (7)

From now on we will always assume that A is he Weyl operator aw = aw(x, D)
with symbol a, defined for Ψ ∈ S(Rn) by

awΨ(x) =
(

1
2π�

)n
∫∫

e
i
�
〈p,x−y〉a(1

2 (x + y), p)Ψ(y)dnydnp

the integral being interpreted as an “oscillatory integral” (see e.g. [3] or [11]; we
are assuming that a belongs to some reasonable symbol class, for instance the
Hörmander classes Sm

ρ,δ).

Remark 3. One should be aware of the fact that the choice A = aw is neither the
only possible, nor necessarily the most realistic “physical” choice: see [13] for other
possible quantization schemes.

3. Metaplectic Covariance

Let π : Sp2(n) −→ Sp(n) be the connected double covering of the symplectic
group. Sp2(n) has a (faithful) representation by a group Mp(n) of unitary opera-
tors L2(Rn) −→ L2(Rn). That group, the metaplectic group, is generated by the
quadratic Fourier transforms ŜW,m defined, for Ψ ∈ S(Rn), by

ŜW,mΨ(x) =
(

1
2πi�

)n/2

im
√
| detL|

∫
e

i
�

W (x,x′)Ψ(x′)dnx′;

in the formula above W is any real quadratic form on R
n × R

n of the type

W (x, x′) =
1
2
〈Px, x〉 − 〈Lx, x′〉 +

1
2
〈Qx′, x′〉

with P = PT , Q = QT and L invertible; mπ is a choice of arg det L (ŜW,m thus only
depends on that choice mod 4π); the integer m is the Maslov index of the operator
ŜW,m. Identifying Mp(n) with Sp2(n) the projection π is then unambiguously
determined by

π(ŜW,m) = SW =
[

L−1Q L−1

PL−1Q − LT PL−1

]
.

A fundamental property is that for every S ∈ Sp(n) the “metaplectic covari-
ance formula”

(a ◦ S−1)w = ŜawŜ−1 (8)

holds; Ŝ is here any of the two metaplectic operators ±Ŝ ∈ Mp(n) associated to
S = π(Ŝ).

We claim that the “uncertainty principle” (5) is invariant under linear sym-
plectic transformations. Let us glorify this statement by giving it the status of a
Proposition:
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Proposition 4. Assume that the Weyl operators A = aw and B = bw satisfy the
uncertainty relations (5). Let S ∈ Sp(n). Then AS = (a ◦ S−1)w and AS =
(a ◦ S−1)w satisfy

(∆AS)2bSΨ
(∆BS)2bSΨ

≥ 1
4 Cov(A, B)Ψ − 1

4 [A, B]2Ψ (9)

for any Ŝ ∈ Mp(n) with π(Ŝ) = S. In particular

(∆Xj)2bSΨ
(∆Pj)2bSΨ

≥ 1
4 Cov(Xj , Pj)Ψ + 1

4�
2.

Proof. Using (8) we have

〈AS〉2bSΨ
=

∫
|ŜAΨ(x)|2dnx = ||ŜAΨ||2L2

hence, since Ŝ is a unitary operator:

〈AS〉bSΨ = ||AΨ||2L2 = 〈A〉2Ψ.

Writing similar relations for 〈BS〉Ψ, 〈A2
S〉Ψ and 〈B2

S〉Ψ formula (9) follows. �

4. Admissible Covariance Matrices

Assume that X = (X1, . . . , Xn) and P = (P1, . . . , Pn) are the quantum position
and momentum operators: Xj is multiplication by xj and Pj = −i�(∂/∂xj) (as
mentioned in the introduction all what we are going to do actually generalizes to
any operators X and P such that [Pj , Xk] = i�δjk).

The covariance matrix is, by definition, the symmetric 2n×2n matrix written
in block matrix form as

Σ =
[
ΣXX ΣXP

ΣPX ΣPP

]
, (10)

where ΣPX = ΣT
XP and ΣXX , ΣPP , ΣXP are defined as follows:

• the entry of ΣXX at the i-th row and j-th column is Cov(Xi, Xj);
• the entry of ΣPP at the i-th row and j-th column is Cov(Pi, Pj);
• the entry of ΣXP at the i-th row and j-th column is Cov(Xi, Pj).

We will always assume that Σ is a positive definite matrix: Σ > 0.
A simple, but essential, observation is the following: since JT = −J the

matrix Σ + i�

2J is Hermitian:

(Σ + i�

2J)∗ = Σ − i�

2JT = Σ + i�

2J .

It follows, in particular, that all the eigenvalues of Σ + i�

2J are real. It turns out
that the uncertainty principle is equivalent to the property that all the eigenvalues
are non-negative:

Proposition 5. The uncertainty relations

(∆Xj)2Ψ(∆Pj)2Ψ ≥ 1
4 Cov(Xj , Pj)Ψ + 1

4�
2
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are equivalent to either of the properties:
(i)

Σ + i�

2J is positive semi-definite. (11)
(ii) The moduli λ1, . . . , λn of the eigenvalues ±iλj, 1 ≤ j ≤ n, of JΣ are all

≥ 1
2�.

Proof. (i) See [14, 4, 5]. (ii) Recall Williamson’s diagonalization theorem [18]: for
every real symmetric positive-definite 2n × 2n matrix M there exists S ∈ Sp(n)
such that

M = ST ΛS , Λ =
[
Dσ 0
0 Dσ

]

where Dσ is the diagonal n×n matrix whose non-zero entries are the moduli λσ,j

of the eigenvalues ±iλσ,j (λσ,j > 0) of JM . The diagonalizing symplectic matrix
S is not unique; we have however proven in [5] that if S, S′ ∈ Sp(n) are such that
M = ST ΛS = S′T ΛS′, then there exists U ∈ U(n) such that S′ = US. In view of
the discussion above the condition Σ + i�

2J ≥ 0 is equivalent to D + i�

2J ≥ 0. The
characteristic polynomial P(λ) of D + i�

2J ≥ 0 is P(λ) = P1(λ) · · · Pn(λ) where

Pj(λ) = λ2 − 2λσ,jλ + λ2
σ,j − 1

4�
2.

The eigenvalues of D+i�

2J are thus the numbers λσ,j± �

2 ; the condition Σ+i�

2J ≥ 0
means that λσ,j ± �

2 ≥ 0 for j = 1, . . . , n which is equivalent to λσ,j ≥ 1
2� for

j = 1, . . . , n. �
For instance in the case n = 1 we have

Σ + i�
2 J =

[
(∆X)2 ∆(X, P ) + i�

2

∆(X, P ) − i�
2 (∆P )2

]

and condition (11) is equivalent to det(Σ + i�
2 J) ≥ 0 that is to

(∆P )2(∆X)2 ≥ ∆(X, P )2 +
�

2

4
(12)

which is the uncertainty principle.
We will from now on say that a real symmetric 2n× 2n matrix Σ is quantum

mechanically admissible (or, for short: admissible) if it satisfies condition (11).
The property for a covariance matrix to be admissible is invariant under

linear symplectic transformations: the equality ST JS = J implies that

SΣST + i�

2J = S(Σ + i�

2J)ST

and the Hermitian matrix SΣST + i�

2J is thus semi-definite positive if and only
Σ + i�

2J is.
We are going to restate Proposition 5 in a concise geometric way, using the

notion of symplectic capacity, due to Ekeland and Hofer [2] (and whose existence
is guaranteed by Gromov’s non-squeezing theorem [6]). Recall that a symplectic
capacity on (R2n, σ) is the assignment to every subset Ω of R

2n of a number
c(Ω) ≥ 0 or ∞ such that the following properties hold:
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1. c(Ω) ≤ c(Ω′) if Ω ⊂ Ω′;
2. c(f(Ω)) = c(Ω) if f : Ω −→ Ω′ is a symplectomorphism;
3. c(kΩ) = k2c(Ω) for every k ∈ R;
4. c(B(R)) = πR2 = Zj(R).

(B(R) is any phase space ball with radius R and Zj(R) is any cylinder with
radius 1 based on a conjugate coordinate plane xj , pj).

We will need the following result (see [9] for proofs and details):

Lemma 6. Let BM : 1
2 〈Mz, z〉 ≤ 1 (M = MT > 0) be an ellipsoid in R

2n. All
symplectic capacities agree on BM , and we have

c(BM ) = clin(BM ) = 2π/λ

where clin is the linear symplectic capacity on (R2n, σ), i.e.

clin(M) = {πR2/∃f ∈ ASp(n) : f(B(R)) ⊂ M},
and λ = sup{λ1, . . . , λn} where the numbers ±iλj (λj > 0, 1 ≤ j ≤ n) are the
eigenvalues of JM .

(ASp(n) is the affine symplectic group, semi-direct product of Sp(n) and R
2n.)

It follows that:

Proposition 7. The covariance matrix Σ is admissible if and only if the ellipsoid
BΣ−1 : 1

2zT Σ−1z ≤ 1 has symplectic capacity c(BΣ−1) ≥ 1
2h.

Proof. Let, as before, λ1, . . . , λn be the moduli of the eigenvalues of JΣ; then
λ−1

1 , . . . , λ−1
n are the moduli of the eigenvalues of JΣ−1. Let λinf = inf{λj}. In

view of Lemma 6 we have c(BΣ−1) = 2πλinf ; using the condition c(BΣ−1) ≥ 1
2h is

thus equivalent to λinf ≥ 1
2� which concludes the proof. �

5. Gaussian Averaging

Recall [19] that the Wigner transform W (Ψ, Φ) (also called radar ambiguity func-
tion in engineering, and Blokhintsev transform by Soviet authors) of a pair of
functions Ψ, Φ ∈ S(Rn) (or, more generally, Ψ, Φ ∈ L2(Rn)) is the Weyl symbol of
the operator with kernel KΨ,Φ(x, y) = Ψ(x)Φ(y); that is

W (Ψ, Φ)(z) =
(

1
2π�

)n
∫

e−
i
�
〈p,y〉Ψ(x + 1

2y)Φ(x − 1
2y)dny.

When Ψ = Φ we write WΨ, and one recovers the familiar expression

WΨ(z) =
(

1
2π�

)n
∫

e−
i
�
〈p,y〉Ψ(x + 1

2y)Ψ(x − 1
2y)dny. (13)

A very important result, and which a posteriori justifies the introduction of Weyl
operators in quantum mechanics, is the following: if A = aw(x, D) is a Weyl
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pseudo-differential operator then the mathematical expectation value of A corre-
sponding to a state Ψ is just the average of the Weyl symbol with respect to the
Wigner transform of Ψ:

〈A〉Ψ = (AΨ, Ψ)L2 =
∫

a(z)WΨ(z)d2nz. (14)

It is thus as if WΨ played the role of a probability density over which the classical
observable is averaged (behold: WΨ can however take negative values; see below).

Let Ψ be a normalized and centered Gaussian, that is

ΨX,Y (x) = c
(

detX
(π�)n

)1/4

exp
(− 1

2�
〈(X + iY )x, x〉) (15)

where |c| = 1 and X and Y are real n×n symmetric matrices, X > 0. A tedious but
straightforward calculation of Gaussian integrals shows that the Wigner transform
of ΨX,Y is positive; it is in fact the real Gaussian defined by

WΨX,Y (z) =
(

1
π�

)n
e−

1
�
〈Gz,z〉 , G =

[
X + Y X−1Y Y X−1

X−1Y X−1

]
. (16)

One moreover immediately verifies that G ∈ Sp(n) and that G = GT > 0. On
the other hand, it is known since Hudson [10] that the Wigner transform of a
function Ψ ∈ S(Rn) is non-negative if and only if Ψ is proportional to ΨX,Y for
some choice of X, Y (Toft gives an elegant proof of this property in his thesis [16]).
It is also known since de Bruijn [1] that the “average” WΨ ∗ ΦR over a Gaussian
ΦR(z) = e−|z|2/R2

satisfies

WΨ ∗ ΦR ≥ 0 if R2 = � , WΨ ∗ ΦR > 0 if R2 > �; (17)

this actually follows from the observation (see for instance [3], Proposition (1.99))
that the convolution of two Wigner functions is always non-negative:

WΨ ∗ WΦ = |W (Ψ∨, Φ) ◦ J |2 ≥ 0 , Ψ∨(x) = Ψ(−x). (18)

Let us extend de Bruijn’s result to arbitrary Gaussians. To any symmetric
2n × 2n matrix Σ > 0 we associate the normalized Gaussian ρΣ defined by

ρΣ(z) =
(

1
2π

)n (detΣ)−1/2e−
1
2 〈Σ−1z,z〉.

A straightforward calculation shows that ρΣ has integral one (and is hence a
probability density); computing the characteristic function of ρΣ ∗ ρΣ′ (see e.g.
[15]) one moreover easily verifies the semigroup property

ρΣ ∗ ρΣ′ = ρΣ+Σ′ . (19)

Proposition 8. Let Σ be a covariance matrix and BΣ the associated ellipsoid.

(i) If there exists S ∈ Sp(n) such that BΣ = S(B(
√

�)) (and hence c(BΣ) = 1
2h)

then WΨ ∗ ρΣ ≥ 0.
(ii) If c(BΣ) > 1

2h then WΨ ∗ ρΣ > 0.
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Proof. (i) The condition BΣ = S(B(
√

�)) is equivalent to Σ = 1
�
ST S and hence

there exists a Gaussian ΨX,Y ∈ L2(Rn) such that ρΣ = WΨX,Y . It follows from
(18) that we have

WΨ ∗ ρΣ = WΨ ∗ WΨX,Y ≥ 0

which proves the assertion.
(ii) If c(BΣ) > 1

2h then there exists S ∈ Sp(n) such that BΣ contains BΣ0 =
S(B(

√
�)) as a proper subset; it follows that Σ − Σ0 > 0 and hence

WΨ ∗ ρΣ = (WΨ ∗ ρΣ0) ∗ ρΣ−Σ0 > 0. �

Using Proposition 8 we can prove a positivity result for the average of a Weyl
operators with positive symbol. This result is actually no more than a predictable
generalization of calculations that can be found elsewhere (a good summary being
[3]); it however very clearly shows that phase space “coarse graining” by ellipsoids
with symplectic capacity ≥ 1

2� eliminates positivity difficulties appearing in Weyl
calculus: we are going to see that the Gaussian average of a symbol a ≥ 0 over
an ellipsoid with symplectic capacity ≥ 1

2� always leads to a positive operator.
This is interesting, since the condition a ≥ 0 does not guarantee the positivity of
the associated Weyl operator aw = aw(x, D); in fact we have, for a non-negative
a ∈ Sm

ρ,δ, the so-called “sharp G̊arding inequality”

(awΨ, Ψ)L2 ≥ −C||Ψ||2(m−ρ+δ)/2 for all Ψ ∈ S(Rn)

(C = Cm,ρ,δ a constant > 0; || · ||s is the norm of the usual Sobolev space Hs).

Corollary 9. Assume that a ≥ 0. If c(BΣ) ≥ 1
2h then the operator AΣ = (a ∗ ρΣ)w

satisfies 〈AΣΨ, Ψ〉 ≥ 0 for all Ψ ∈ S(Rn).

Proof. (cf. Lemma (2.85) in Folland [3]). We have, in view of (14),

(AΣΨ, Ψ)L2 =
∫

(a ∗ ρΣ)(z)WΨ(z)d2nz

that is, taking into account the fact that ρΣ is an even function,

(AΣΨ, Ψ)L2 =
∫∫

a(u)ρΣ(z − u)WΨ(z)dnudnz

=
∫

a(u)
(∫

ρΣ(u − z)WΨ(z)dnz

)
dnu

=
∫

a(u)(ρΣ ∗ WΨ)(u)dnu.

In view of Proposition 8 we have WΨ ∗ ρΣ ≥ 0 hence the result. �

Let us illustrate this result on a simple and – hopefully – suggestive example.
Consider the harmonic oscillator Hamiltonian

H(z) =
1

2m
(p2 + m2ω2x2) , m > 0, ω > 0
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(with n = 1) and choose for ρΣ the Gaussian

ρσ(z) = 1
2πσ2 e−(x2+p2)/2σ2

.

Set Hσ = H ∗ ρσ; a straightforward calculation yields the sharp lower bound

Hσ(z) = H(z) +
σ2

2m
(1 + mω2) ≥ H(z) + σ2ω.

Assume that the ellipsoid (x2 +p2)/2σ2 ≤ 1 is admissible; this is equivalent to the
condition σ2 ≥ 1

2� and hence Hσ(z) ≥ 1
2�ω: we have thus recovered the ground

state energy of the one-dimensional harmonic oscillator. We leave it to the reader
to check that we would still get the same result if we had used a more general
Gaussian ρΣ instead of ρσ. This example actually generalizes to quadratic Hamil-
tonian without difficulty using Williamson’s symplectic diagonalization theorem
[18] (or its variants [9]) which asserts that any semi-positive definite matrix can
be diagonalized using linear symplectic transformations.

6. Concluding Remarks

We hope that we have succeeded in convincing the reader of the fact that the
uncertainty principle of quantum mechanics strongly indicates the existence of
a “quantum phase space” whose points are subsets of the classical phase space.
Of course, since the notion of symplectic capacity itself depends on the choice of
symplectic structure, but this fact should only be moderately annoying: as already
noted and commented in [7], Chapter 1, it is after all the fields which determine the
symplectic structure. It should therefore not be so surprising if every (Hamiltonian)
physical system could be treated by the methods outlined above by assigning to
it its own private quantum phase space, as suggested and discussed in de Gosson
[4, 5].

In the last section we recovered the ground energy level for the harmonic os-
cillator by averaging the Hamiltonian function over admissible ellipsoids. It would
be extremely interesting to extend this kind of results to the case of arbitrary
Hamiltonians. This might be not too difficult in the case of “physical” Hamiltoni-
ans of the type “kinetic energy + potential”. One should probably have to replace
the averaging over ellipsoids by an averaging over arbitrary subsets of phase space
having symplectic capacity ≥ 1

2�. This might actually not be too difficult since
general symplectic capacities are invariant under symplectomorphisms. It would
actually not be too surprising if this averaging process would lead to semiclassical
estimates for the calculation of the spectrum of the Hamiltonian operator, using
Gutzwiller-type trace formulae. We leave these fascinating perspectives open for
further research.



Uncertainty Principle, Phase Space Ellipsoids and Weyl Calculus 131

References

[1] N. G. de Bruijn, A theory of generalized functions, with applications to Wigner
distribution and Weyl correspondence, Nieuw Archiev voor Wiskunde, 21 (1973),
205–280.

[2] I. Ekeland and H. Hofer, Symplectic topology and Hamiltonian dynamics, I and II,
Math. Zeit. 200 (1990), 355–378 and 203 (1990), 553–567.

[3] G. B. Folland, Harmonic Analysis in Phase space, Annals of Mathematics Studies,
Princeton University Press, Princeton, N. J., 1989.

[4] M. de Gosson, The optimal pure Gaussian state canonically associated to a Gaussian
quantum state, Phys. Lett. A, 330 no. 3–4 (2004), 161–167.

[5] M. de Gosson, Cellules quantiques symplectiques et fonctions de Husimi–Wigner.
Bull. Sci. Math., to appear.

[6] M. Gromov, Pseudoholomorphic curves in symplectic manifolds, Invent. Math. 82
(1985), 307–347.

[7] V. Guillemin and S. Sternberg, Symplectic Techniques in Physics, Cambridge Uni-
versity Press, Cambridge, Mass., 1984.

[8] M. J. W. Hall and M. Reginatto, Schrödinger equation from an exact uncertainty
principle, J. Phys. A: Math. Gen. 35 (2002), 3289–3303.

[9] H. Hofer and E. Zehnder, Symplectic Invariants and Hamiltonian Dynamics,
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