“Towards A Physically Based Reduced Model for Describing Complexity Of Earthquake Rupture Process”

Summary

We propose to investigate the evolution of stress in a system with heterogeneous ruptures.  Since the full multi-scale numerical simulation of 3-d media is numerically intractable, we propose to investigate “reduced models” that retain essential physics of the complex dynamic system.  The main objectives of the research are to:
1- Develop a computationally effective reduced model for the rupture process that  captures the macro scale dynamics and also predicts –at least statistically- the resulting slip given an initial stress distribution.

2- Investigate the physical factors that lead to maintaining the heterogeneities in stress and slip over cycles of earthquakes.

3- Assessing the predictability of rupture extent and direction.

Introduction

There is compelling evidence that earthquake slip distributions are spatially heterogeneous and possibly fractal (e.g. Mai 2002, Liu-Zheng 2005 , David Lavallee 2006 and others).  Since stress changes on the rupture surface scale as the spatial derivative of slip, the stress changes are even more heterogeneous than the slip (Andrews 1980, Ampeuro 2006).  It is clear that, in some way, the ruptures occur in such a way that heterogeneity persists in the system.  If we knew the rheology of the crust (yielding/friction properties as a function of space), then we could apply steadily increasing displacements to the boundaries of a finite element grid and then calculate the response as a sequence of dynamic failures.  Given a particular rheology, the grid would eventually settle into a state of stress and accompanying ruptures that are described with their statistical properties; these statistical properties would be appropriate for the assumed rheology.  
Aagaard and Heaton (2007)  report on such an approach, but they were limited by the unmanageable scale of the numerical simulation.  Their model only considered evolution of heterogeneous stress during several events, as opposed to evolution over millions of events.  Furthermore, their finite element grid size was several hundred meters, whereas recent studies of high speed friction imply that grid spacing of meters may be required to adequately calculate dynamics with such friction models.  Since the number of calculations grows as at least the fourth power of grid spacing, it may never be possible to create a finite element grid with enough degrees of freedom to calculate crustal deformation from a physically realistic friction law.
We propose to develop a different approach to the problem. We are inspired by the successful development of physically based techniques to simulate analogously complex problems in physics, such as fluid flow turbulence and identification of phase transition in materials (Mathew, Sean and Marsden 2007). Without such physically based approximate models, little would have been known about these complex phenomena. Our goal is then to find a method by which we can shortcut the currently used numerical techniques, and model cycles of earthquakes without the need of running the computer for such extremely long times.

The key hypothesis in our proposed model is that the internal stress in the lithosphere has evolved into a very heterogeneous distribution that permits fractures at the very different length scales implied by the Gutenberg-Richter frequency magnitude relation. We hypothesize that spatial variations in the pre-stress control the strain energy available for driving the rupture as it propagates. These spatial variations in strain energy produce spatially heterogeneous slip in earthquakes. Furthermore, the occurrence of earthquakes leaves the crust in a heterogeneous stress state that will eventually produce future heterogeneous ruptures (self organization). The question is then: How heterogeneous should the internal stress be in order to produce the observed Gutenberg- Richter (G-R) scaling law?  Since the G-R scaling follows a power law over a large range of length scales, we hypothesize that variation in stress are free from any characteristic length scale and fractal in nature (Smith and Heaton 2006). 

However, in order to verify the fractal stress hypothesis and all its consequences we need to let our system evolve throughout many, many cycles of earthquakes such that it would have lost its memory about the initial conditions and settled into a statistically stable distribution. As we previously mentioned, this is not feasible through full dynamic rupture models since the simulations would take thousands (or even millions) of years with the current computational capabilities. The basic motivation behind the proposed surrogate technique is that there must exist a sort of correlation between the pre-existing stress and the final slip distribution. It is the main objective of this project to explore the nature of this correlation.  We seek to develop techniques that reduce the numerical calculations but are consistent with basic constraints such as slip vs. length scaling. In this proposal we present an outline for our approach which hinges on methods stemming from different fields including dynamical systems, statistical mechanics and Markovian statistical modeling. We believe that a clue for our sought surrogate technique could be found through an intelligent application of the concepts from these diverse powerful fields.
We propose to develop reduced tools that can “adequately” predict the temporal and spatial evolution of multi-scale rupture problems. In order to develop these approximate methods, we propose to study numerical solutions of multi-scale rupture problems that are simple enough to be numerically tractable, but which also share dynamic features with earthquake ruptures.
In particular, we have studied the effect of friction laws on the evolution of stress in spring-block-slider models (Burridge and Knopoff 1967) .  The friction laws depend on both slip and slip-rate.  We observe that friction laws with weak rate dependence produces crack-like failure events and that the system evolves into uniform stress and uniform slip events.  Friction laws with strong slip velocity weakening produces slip pulses and the system can evolve into a heterogeneous slip and stress that appears fractal in nature. (See figures 2 and 3)
While we recognize that there are many differences between spring-block-slider models and rupture in a 3-d continuum (i.e., the crust), the spring-block-slider models are in a class of phenomena characterized by chaotically evolving rupture (Figure 1 shows how the changing in the velocity dependence in the friction law may lead to periodic and chaotic sequence of events even for simple systems of 2 blocks only).  Furthermore they are numerically tractable.  Once we develop approximate methods to simulate the essential behavior of spring-block-sliders, then we will investigate ways to modify these techniques so that they are appropriate for real earthquakes. 
Dynamical System Approach:

Dynamical systems theory tells us that for spatio-temporal chaotic dynamical systems, which is the case of earthquakes, it is always possible to find a lower dimensional dynamical system that can reproduce the chaotic behavior on the macro scales without resorting to the analysis of the full very high dimensional system (Henry Abarbanel 1996). In the context of the spring-block-slider model we found that, for velocity dependent friction laws which produce slip pulses, the whole dynamics of the system can be re-generated by tracking variations in the characteristics of the slip pulses. In principle, this means that the dynamics of the huge original system, which has hundreds or thousands of degrees of freedom is actually inherent in the dynamics of the slip pulse, which is confined at any given time to only a few blocks. We can fully characterize the pulse by identifying the evolution equations of three parameters. Two examples of a parameterization of the slip pulses are i) the rupture front velocity, the healing tail velocity and the average slip velocity or ii) the width of the pulse, the velocity of the pulse center and the average slip velocity.  Hence given the distribution for the pre-existing stress we could infer the resulting slip by solving a system of three coupled differential equations describing the evolution of the aforementioned parameters. This certainly represents a huge reduction in the system dimension and consequently computational time. Our goal here is to explore the structure of these coupled differential equations.

Markovian Modeling Approach:

The Markovian modeling approach provides an alternative perspective to the model reduction problem. Instead of tracking the dynamics of the pulse through a system of differential equations, the tracking is done statistically through a set of transition probability matrices (Mathew 2007). The method hinges on the identification of a set of coarse variables that describe the dynamics on the macro scale and, using the Markovian chain assumption, we find the probability that a coarse variable takes the value “xi+1” in the next time step, given that it has the value “xi” at the current time step. If the coarse variables are correctly identified the entries of the transition probabilities matrix attain steady state values on the long run making the task of predicting the future dynamics feasible. 
This method has been recently applied to the problem of phase transition in real materials and the results were remarkable (Mathew 2007) . The method was capable of reproducing the results of molecular dynamics simulations but with 100x reduction in the computational time. For our problem, the relevant coarse variables could be taken to be the previously described three parameters and the transition probability matrices could be inferred from simplified models of dynamic rupture with an initial heterogeneous stress distribution. Naturally, the entries of the transition probability matrix would be dependent on the statistical characteristics of the pre-existing stress. Given an internal stress realization and the corresponding transition probability matrix we could predict the evolution of the slip pulse and consequently the resulting final slip.  We expect this method to regenerate the main features of the rupture dynamics at an increasingly reduced computational time (Expected to reach 100-1000 times faster than the full dynamic models) and consequently would allow modeling multiple earthquake cycles and tracking stress evolution in a very reasonable time window, suitable for strong ground motion prediction and end to end simulation purposes.
Statistical Mechanics Approach:

The third line of thought we would like to investigate in our attempt to simplify the complex earthquake problem is the techniques of statistical mechanics. Statistical mechanics has been successfully applied to many complex problems characterized by having a large number of degrees of freedom including gas dynamics, turbulence and phase transition problems (Pathria 2006). The power of statistical mechanics lies in the simplicity of its structure; once a partition function is found, all the thermodynamics quantities of interest can be deduced from direct differentiation of this function. In our problem we are investigating the existence of a function similar to the partition function from which we can deduce the system macroscopic dynamics. 
The main challenge to this approach is the existence of the stick slip friction on fault surfaces which does not have an analogous counterpart in the usual problems discussed in the statistical mechanics. Accordingly there is no simple Hamiltonian from which we can deduce a partition function. This calls for a modified approach in which we have a statistical mechanics describtion for the friction itself. We argue that this is possible due to the apparent analogy between stick slip friction and phase transition phenomenon. When a solid melts to a liquid for example, the change in state occurs at a constant temperature after absorbing a certain amount of latent heat. Similarly when the two sides of the fault start to slide against each other, the “stick” state is transforming to a “slip” state at a constant (zero) relative velocity after absorbing a certain amount of strain energy sufficient to initiate the rupture. Hence we expect that similar laws would apply in both cases. We can then introduce a modified partition function that accounts for friction from which the macroscopic dynamics can be derived. The analogy between standard problems in statistical mechanics and earthquake rupture could go further if we accept for example to identify the stress with the pressure (P), the strain with the volume (V), and the relative slip velocity with temperature (T)...etc. Such a model could have interesting consequences on our understanding to the relations between various parameters that control the rupture process and could lead to innovative inferences.

Project Personnel
This research is the Ph.D. research topic of Ahmed Elbanna, who is a 3rd year graduate student in Caltech Civil Engineering. It watches an active collaboration with Jerrold Marsden (Professor of Control and Dynamical Systems, Caltech) and Nadia Lapusta,   This research is the natural continuation of a long-standing effort by Tom Heaton and his students to understand the evolution of stress in the crust.   Several of these students (Brad Aagaard and Deborah Smith) regularly participate in SCEC activities to understand earthquake physics.  Heaton and Elbanna will continue this tradition.
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Fig.1: Results for event size (moment) distribution versus rate of velocity weakening in the friction law in simulations with 2 blocks only. It interestingly shows exchanging regions of periodicity and chaos
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Fig.2: Stress Evolution in system of 250 blocks. The relatively homogeneous initial stress (blue) evolved to a heterogeneous (and possibly fractal) distribution (red) when strong velocity weakening friction is used
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Fig.3: Slip velocity contours for a number of generated events showing that the prevailing rupture mode is mainly a propagating pulse
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