SPARKCHA

PRE-CALCULUS

FUNCTIONS

DEFINITIO

+ A relafion is a set of ordered pairs of values (. y) that
“go together,” Plotted on the Cartesian plane, 4 relation
is any set of points. Bx: The unit circle in the plane is a”
relation; it is the set of points (r,y) that satisfy

i e

* Afunction is a set of ordered pairs (r. y) so that for each
r-value, there is no more than one y-value. Plotted on
the Cartesian plane, a function must pass the vertical line
test: Every vertical line cuts the graph of the function at
most onee.
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Funchion Nof a funchion

* A function can be thought of as a rule for generating val-
ues. Plug in a value for the independent variable (fre-
guently ) and receive a value for the dependent vari-
able (frequently i), We sav that “y is a function of r,”
and write y = fx)—"y equals [ of &".

* The domain of a function is the set of all allowable val-
ues that can be plugged in for the independent variable.
Ex: The domain of the funetion f(r) = ‘ is all real num-
bers except (),

* The range is the set of all possible outputs (values of the
dependent variable). Ex: The range of the function
i = =in.r is the set of all real numbers between —1 and
1, inclusive (the closed interval [—1, 1]).

WRITING FUNCTIONS DOWN

* A table keeps track of inpul values (Ex: time of day) and
carresponding output values (Ex: number of trucks on
U.8. 66) of a function. There may not be a universal
equation that describes a funetion.

An equation such as fir) = ¥ + | describes how to
numerically manipulate the incoming variable (here, r)
to get the output value f(ir).

A graph represents a funetion visually. If y = £z}, then
plotting many paints (o, f(r)) on the plane will give a
picture of the function, Usually, the independent vari-
able is represented horizontally, and the dependent vari-
able vertically. Again, there need not be a single equation
for a function described graphically, but the graph must
pass the vertical line test.

VERY FAMILIAR FUNCTIONS

Linear Functions: The equations whose graph is a line
(Ax + By = ') give functions for y in terms of r when

they are converted to the form y = wr + b, Exception:
If B = 0, the line is vertical and the equation v = 5 is
not a function,

Quadratic Functions: The equations whose graph is a

parabola (y = aa” + ha -+ ¢) are quadratic functions.

For more on exponents and logarithms, see the

EXPONENT RU LOGRITHM RULE:

a =a log,a=1

a" =1 (unless ¢ = 1) log, | =0 forall (positive)

The expression (1" is bases a.

undefined
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i BASIC EXPONENTIAL FUNCTIONS:
i fix)

An exponential function has the basic equation f(r) = a”".

Here, @ must be positive and a # 1

* Domain: all real numbers. Range: all positive numbers.
y-intercept at 1.

* Behavior: If hase o > 1. the funetion is constantly
increasing; it grows extremely fast for positive &, and
approaches 0 for negative x. If @ < 1, the function is
constantly decreasing; it takes very large values for neg-
ative r and tends towards () for positive .
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e The graphof f(w) = ()" is a reflection of the graph of
Slx) = a* over the y-axis. See Refleciions over the Axes

¢ Fora = |, thegraphof f(xr) = a* grows faster the larger
i i8.

Reciprocal boses Boses greater than |

AND LOGARITHMS

* Exponents: In the expression a” = h. o is the bose, n is
the exponent.

* 1f nis an integer, then o represents repeated multiplica-
1 . L - 1 o > th
tion: a" = g - a---a, and bis called the n'" power of o,

e If nois :m_;: ”tl‘lil;lil}]‘l:il number (say, n =), then
" =at = Ja*

* Logarithms: lug, b = n is the power to which you raise
to get b, REMEMBER Logarithms are exponents
log, b =mnifand onlyifa" = 6
Both a and b must be positive: alsoa = 1.

o Ifhasea > 1 thenlog, b > Owhenb = 1andlog, b < ()
when b < 1.

* logh means log, b 1t is often used in applied sciences
and by ¢

* @isaspecial irrational number (approximately 2.71828)
often used as a base for logarithms. The logarithm base

culators.,

flr) = ¢* = (2.718)" is often thought of as the quintes-
sential exponential function. Any exponential function can
be reexpressed with base e if f(r) = a®, then, since
a =" wehave f{x) = ¢* " Ifa > |, then the graph of
Sflr) = a* is the graph of f{r) = ¢* stretched in the -
direction by a factor of ln a. Every exponential function has
the same basic shape.

GENERAL EXPONENTIAL FUNCTIONS

The most general exponential function is given by the equa-
tion f(x) = Ca® + K, Equivalently, we let b = Ina and
write fr) = C'e™ + K, [Note that " can swallow any con-
stant added to o« since ¥
a™ " = (aMa*.) . 13
e || determines the
vertical stretch of the
graph. Stretching the =™ @]\
graph vertically has
the same effect as
shifting the graph hor-
izontally. 1If " >0,
the graph is oriented upward; if (' < U, it is oriented
downward,
* u (or b} determines the horizontal stretch: if o
(b = 0), the graph increases to the right; if 0 < a < |
(b < (), it increases to the left,

¢ /s the value the funetion approaches in the exponen-
tial decay. The line y = K is a horizontal asymptote.
The y-intercept is ' + K.

bra I and Algebra Il SparkCharis.

e is called the notural logarithm and is written

log, & = lur. The natural log follows all logarithm

ritles.

* Any logarithmic expression can be written in terms
of natural logarithms using the change of base for-

Ik

mula log, b = o

| _ADDITIONALEXPONENTRULES |
(ah)™ = a"b" (“}“ a"
g e Fhy"
3" =)

| CHANGE OF BASE RULE FOR LOGARITHMS |

Changing the base s multiplying by a constant

T

b

log,, b= log, elog, b, The ¢ is “canceled.”

Also, log, b =

EXPONENTIAL AND LOGARITHMIC FUNCTIONS

fag, o

NDING AN EG

Two points and the height of the asymptote are sufficient to
find the equation of an exponential graph.

If we know asymptote y = K, g-intercept . and point
(.10 The funetion is y=Cua" + K, where
"= o — K and « is the base such that a”" - "'—r£

If we know asymptote y = A and two points (1. 5]

and (2, gy )2 Divide the two equations g — N = Ca”
and 1 — N =Ca"' to find base o such that

N Thet T P o .
f s Useato find ¢ o el

LOGARITHMIC FUNCTIONS

A logarithmic function has the

form y = log, &, The domain
is
(log, 0 is undefined); the
range is all real numbers,
There is a vertical asymptote
at.r = (). The graph is always
increasing; it grows very
quickly for () <
the &

positive  numbers  only

1, crosses

xis at @ = (), and then continues growing extremely

slowly—slower than any root function—for » > 1.

¢ The graph of the Jogarithmic function jy =

1 has theexact

same shape as the corresponding exponential graph y = a’,
reflected over the line y = . (True because the two functions
are inverses, See Inverse Funictions))

Natural logarithm: f{r] = Ina is the logarithmic
funetion with base ¢ = 2.715,
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NS OVER THE AXES To find the inverse function, switch the roles of  and y
in the equation, effectively writing x = f(y). Then
solve for y. If vou can solve for y “reversibly,” then the

TRANSLATIONS | REFLEC
A translation of a function is a shift vertically, horizontally, ' Reflecting a fi
or both; the shape, the orientation, and the scale of the | which is the same shape and size as the original.

ction over the axes creates a new function

function has an inverse.

graph are all unchanged. = Reflection over the x-axis: The function y = — f(r)isa _ : sy 2 .

* Verfical translation: Adding a constant ¢ to the equation reflection of the original function over the r-axis. The = * Ex: Linear function: y = mx +b. The inverse function
will shift the function vertically ¢ units (up if ¢ is posi- new function has the same domain as the original; the isy = (r—b) . o .
tive, down if ¢ is negative). The new function range is the negative of the : : Ex Exponential function y = a”. The.inverse function
y = f({x) + ¢ has the same shape and the same domain original range. ’ sy =log, x
as the original function. * Reflection over the y-axis: fixl MNOTE: If f(r) takes the same value more than once, we

+ Horizontal translation: The function iy = (i — ) isa The function y = f(—ux) restrict the domain before taking the inverse, Ex: y = o ]
shift of the original function ¢ units horizontally (to the is a reflection of the origi- :;| % | on the whole real line has no inverse, but the function
right if e is positive, left if ¢ is negative). The new function nal function over the y- /\/\\/\/-\’ y = on the positive reals only has the inverse jy = /1.
has t?’m same shape and the same range as the original axis. The new [ull_clmn il_:l& | * Graphically, y= j~'(z) has:the: same shape-as the
funetion. the same range as the ong- ) . 5 . .

¥, nity s P — e [l the domal is the Reflecting iy = [f(x) over r-qxis orginal function, but is reflected over the slanted line
ma

; fhes i = a. By = 2" and y = log, > are inverse functions.
negative of the original : -
¥y See graphs below,

2 | i)=& =4 =3 domain. ) - e o the Trversefanchon
T o If fix)= fi—x). then 2 A ; .
" r,lf % 1;’;“! i \/\ /’_‘\/ o Itisatwo-sided inverse: f~' (f{r)) = » forall # in the
) is calle ; ; | ) 3
} . ) p o T domain of flr) and f(f '(x)) = for all & in the
remains unchanged when d in of £~
omtin o x).
reflected over the y-axis. T 3 —_— -
Verical shit I : * The inverse of the inverse function is the original fune-
Ex: cos.r is an even func- : 141 :
tion: (f~') " (x)= flx)

tion.
STRETCHES
T b ofa &ancti 8 horke | If f(x)= —f(—ix), then Reflecting
Ihe graph ofa _11|ll.'tl(1nhl11 e sh'd'ched_ urm ari- Flx) is called odd. A reflection over the -
zontally or verticallv (or both), by multiplving by a constant. 3 SRS
A . ' < pos same as a reflection over the y-axis, Equivalently, a -
* Vertical stretching, compressing: For positive ¢, the : " . : = ;
5 o 7 ; 1807 rotation of fir) around the orgin leaves () =T % i ] E
function iy = cf (;r) is a vertical streteh or compression Z X L : .
SR o . by Wb Bkt unchanged. Ex: sinr is an odd function. {
of the Inr]j,‘ml function. If ¢ =1, lun_ s: Refischion ‘over
i = cf(r) is stretch by a factor of e, If ¢ < 1, then

Hattzonal

fla) over i-Qxis

is is the

by a f; f e, Hori | the line y = x | Fle)=8r—2 fla)=2 0
y = cflr) is a compression by a factor of . Horizonta " L WY )
;;, fla) . P I N F : Switch the roles '/
stances rema ‘hanged. : —
Il‘l:mu;:l"“mm l_"“ e g . of # and yinthe —~~—— ;- ROTATIONS
* Horizontal stretching, compressing: Again. for positive s \? \ n : n .
; "9' 2 .P ng 3 Pt equation; the re- Wl * Rotating 180°: A rotation of 18(1° is the same thing as a
e, the function y = f (<) is a horizontal stretch of the . A J ! < i 7
o i " P sulting relation | i Nip over the r-axis followed by a flip over the y-axis (or
original function if ¢ < 1 (a compression if ¢ > 1) by a y iy i . » _ . -
e i (set of points in  Odd lunction Even function wice versa, though, in general, order of flips matters).
factor of ¢, Vertical distances remain the same. i - y . i f
the plane) is a reflection over the line y = =, If you can Thus 5= —fl—x) is the
vt s o solve the new expression for y, the reflected relation is | equation of a function whose d|
a function—the inverse function. See below, graph is a half-circle rotation of

fisi : " S o 1 the original. Odd functions (Bx:
\ } ; : INVERSE FUNCTIONS i " g..
fx s | h . _ sina, x7) are unchanged after
o] If the function f(a) passes the “horizontal line test” in its such a rotation. The domain
domain—f{x] never takes th‘ same value twice—then

and range of the new function
Sflx) has a unique inverse [~ ) whose domain is the are the negatives of the original |
range of f{r) and vice versa.

funetion’s domain and range.

ormation on polgnomials, see the SparkChart an Algebra 11,

POLYNOMIAL REVIEW S R e o L I Gl | © Rational Roots Theorem: If the polynomial with leading

eoefficient o and constant term b has a rational root,

A general polynomial in one variable can be reduced to the  The polynomial functions f{2) = " come in two overall shapes. : i L
then the root is in the form £ =, where r is a factor of b,

form a, 0" +a, 2" 4o+ agr + g, The constants e Ifnisodd. f(r) = +" goesto — oc for negative  and + ¢ :

Wy 1)y .o (1, are the for positive ., The range is all real numbers. The function and s isa fa:'ltm' nl'_u. ) i )
coefficients:  expres- x crosses the c-axis at - = (), * Tocheck for rational roots, list the factors = of the lead-
sions connected by + o i n iz even; ! ing coefficient and the factors » of the constant term

Make all the possible fractions =~ and plug them in to -

the polynomial to check if they are roots.

GENERAL POLYNOMIAL
BEHAVIOR FOR LARGE |x|
The function is al-

Polynomial of dégree 5 o y= 2" forodd n: y = »" forevenn, | FoOr :m‘\l' pul.\'nmlnf'al funetion u_l' degree n, u:f I ogets \‘uf‘_\'
+ L large, cither positively or negatively, the leading term will
dominate and determine the behavior of the function,
n odd neven

signs are called terms. fle)=ux" goes
Two terms are “like” off to +0c for "'

terms if they involve _M 'E‘L/% P large || both pos- F?r

the same power of

itive and negative,

like terms can be col-
lected  and  added
together to simplify the
polynomial. The de-
gree of the polynomial is the highest power of & of any term
after the lmi_\-:.mminl i‘s :aiml:tliﬁurl: tha! term is cazllr.(! ‘Ihclaod-» isoding | & e ; e
ing term, and its coefficient is the leading coefficient. The term coelficient \ i)

F ) . - A . ——ft— root, - value for the |
that involves no s is the constant term. Bx: The polynomial * The search for roots plays a big role in polynomial life.

Roais: —2, —1 B .
4 turns* " it touches the r-axis at o« = (0.

As n inere

s, fla) = 2" becomes flatter near the origin
and steeper evervwhere else for both odd and even n.

above has degree n, leading term o, 2", leading coefficient Factoring is the way to go. u | ; [;R;]":ﬁ; Is | f:?;:s"-‘;‘“

. and constant term ay. * Factor Theorem: If « is a root of the polynomial f(r), wimbone "Ir ma.\' nut

*  Aroot (or azero) of 4 polyvnomial is any number a such then we can express f(r) = (i — a)g{x) for some other ‘ i, v r'uuts
that f(a) = 0. Ona graph, this corresponds to crossing polynomial g(.r). In other \-\-'l)l'll‘\' a is a root if and only | - :
the r-axis. if 2 — t'is & factor of f(i). To us Leading | oM least 1 1 A maximum

* The domain of any polynomial function is all real num- 1. Every time vou find a root , factor out x — a from coeflicien | ——— root. P ““'”l’_r‘“‘ the
bers. A graph is always “smooth”—no kinks. the palynomial and continue the hunt for roots on g ‘ Range is 4 fm"urtmn

* A pohmomial of degree n will have no more than n — 1 the quotient. all real exists. May
“turns”—changes of direction—in the graph: it will cross the 2, Whenever a polynomial has a linear factor wr = b, numbers. Ornay not
r-uxis no more than n times (and so have at most n roots), then :. isd root: have roots.







