SPARKCH

ALGEBRA II

POLYNOMIAL BASICS

. Polynomials are expressions obloined by adding, subtracting, and
multiplying reol numbers (constants| and one or several variables.
* Expressions connected by + or — signs are called terms,

Ex: The polynomial Zr’y — 7o has two terms,

* The coefficent of a term is the real number (non-variable) part.
Two terms are sometimes called like terms if the power of
each variable in the terms is the same. BEx: 7y"r and
yry” = ry" are like terms. 22" and 16xy” are not. Like terms
can be added or subtracted into a single term.

‘The degree of a term is the sum of the powers of each variable in

the term, Be 20 and 162" = both have degree eight. The degree

of a nonzero constant is . The degree of the constant () is
undefined (or taken to be — ~).
* The degree of a polynomial is the highest degree of any of its terms.
In a polynomial in one variable, the term with the highest
degree is called the leading term, and its coefficient is the
leading coefficient.

POLYNOMIALS IN ONE VARIABLE

* A polynomial of degree 2 is called quadratic; a polynomial of
degree 3 is cuble; a polynomial of degree 4 is quartic,

* A root, or zero, of a polynomial is a (real) number such that
when it is plugged into the variable, the polynomial evaluates
to (1. Bx: — is a root of the polynomial 2r* — 5r — 3 because

2(-1 5(=g)=3=0,

Theorem: A polynemial of degree n connot have more than »
different rools

ADDING AND SUBTRACTING
i POLYNOMIALS

Only like terms can be added or subtracted together into one

term: Bx: ety — Brly = 20ty

@l MULTIPLYING POLYNOMIALS

Multiply every term of the first by every term of the second, term
by term. The number of terms in the (unsimplified) product is
the product of the numbers of terms in the two polynomials.

Multiplying a monomial by any other polynomial: Distribute and
multiply each term of the polynomial by the monomial.

Multiplying two binemials: Multiply each term of the first by
each term of the second: (0 + b) (¢ + d) = ac + ad + be + hd
FOIL Imnemaonic). Mulliply the twao Firs! lerms, the two Outside ferms
the wo Inside terms, and the two Last ferms

Common products: (40 =a?

(a—b) =a*

+ 2ab + b*
Qab + b
fa+bjla—b) =a* - b

After multiplying, simplify by combining like terms.

IFACTORING POLYNOMIALS

Like numbers, polynomials are buill of “primes™—polynomials that

cannot be factored. We will assume that all coefficlents are whole

numbers

* Factoring polynomials is the reverse of applying the
distributive property. Reexpressing (ab -+

called factoring out o

1. Factor out the Greatest Common Factor (GCF) of all the co-
efficients in the polynomial.
2.1f any variable appears in eve

power of that variable that oceurs

x2 + bx + ¢c: FACTORING TRINOMIALS
WITH A LEADING COEFFICIENT OF ONE

Ifr? + br + ¢ factors (which is not guaranteed), it will factor as
The goal is to find two numbers o and « whose
sum is b and whose product is ¢

1. Find all possible pairs of integers whose produet is «

2. For each pair, test whether its sumis b,
b, c, d, and e are all positive...

)+ r)

ac) as alb+¢) is

¢ term, factor out the least
n the polynomial.

(4 )4 e)

Check if any Im‘,l.,ml foctor pairs of csum to b
= b 4 ¢ (x —edir ¥
Check if any [positive] factors pairs of « sum 1o b

diir +
Check it the difference of any Ipositivel factars
usually the trickiest cose

rtbr—« \a
poirs is b

Aq quation in one
can be converted into the form ax®
are real constants

A solution to the equation (a value of » that makes the equation

true) is always a root of the polynomial ax® + br + ¢,

#§ LOOKING FOR ROOTS IS FACTORING

The roofs of the quadratic (.« — ¢)(r — o) are exactly ¢ .md .

| True becouse of the Zero Druﬂucrl’ruuF-'T‘.' uh = ilufuﬂtl rlnly ifa 0
forb=10 S0 cHe=di=0 If ond only | = — ¢
d = equivalentiyifr = et r =d

Isay,

+ b+ ¢ = (), where a, b, and ¢

1 Similarly, the roots of the quadratic (awr + b){er + ) are

and — ¢,

To find the solutions to a quadratic equation in the form
+ ¢ = () try factoring the polynomial first. See factoring
Folynomials, obove

COMPLETING THE SQUARE

Completing the square is a procedure for solving a quadratic
rqlmlilm that is difficult or impossible to factor.

ar 4+ b

Ex: Finding solutons to »* + Gx + 6 =10

1. Isolate the » terms on one side. Ex:
2. Add something to lmth sides that \ml.lld m.llu- the » side a
perfect squ fficient is 1, add the square of half
the » coeffi b (45)" = =64 (3)" simplifies 1o

[

1
3. Take the square root of both sides. If the constant side is
negative, there are no solutions to the equation; if positive,
there are two solutions: if U, there is exactly one solution to
the equation. Ex: (x ] (47 Therelore r +
4. Find the solutions. Ex: or 1
r=—20rr 3

5 simplifies 1o

This is

r| is an equation that |

0norj

ax2 + bx + c: FACTORING GENERAL i
TRINOMIALS

The trinomial axr® + b + e will factaras (ayx + by Jlwar + by)

1. Compute ae. Find all possible pairs of integers (positive and |

negative) whose product is ae

2. For each pair of integers, test if its sum is b,

3. Suppose you find a pair with dydy = ae and o) +dy = b
Rewrite the equation as (ax® + dyx) + (dax + c)

4. Factor out the Greatest Common Factor (from both the
variables and the coefficients) for the two expressions in
parentheses individually. The two remains of factoring
should look the same:

apafuyr 4 by) 4
5. Finally, rewrite as (oo + by ) (g + by)

»—12

Ex: Factor fic?

Loak for two numbers whose product is G{ — 12) = — 72 and whose

sum is —1. Guessing and checking. find thal 8§ and —9 work
Reexpress

b i g 12 (6" 4 Bz )+ o 12}
Factoring oul the GCF from each group, obtain

i

) 3r +41)

If we had written 8 and
he same result

1 in reverse arder, we would have g

fir Gr) 4 (Hr 12)

dre(2r —3)+4(2x-F) =(3x+ 4

Alternatively, we could have realized that % 4

as [r + 2](x + 3); the solutions must therefore be » = -2, -3,

QUADRATIC FORMULA

Completing the square on 4 general quadratic gives the...

Quadratic Formula: The solufions 16 ar® + fr + ¢ = 0 ore ghven by
b ke b B da

. AT and Y :
N 2a

Ihu expression under the square root b — duc is called the

discriminant; it determines how many solutions the quadratic |

equation e + e + ¢ has:
» Ifb* — due = 0 then there are two distinet real solutions.
e Ifb* — dae = 0 then there is one real solution (and

wr® + br + ¢ is a perfect square),

e [fb* — dar < 0 then there are no real solutions.

SUM AND PRODUCT OF ROOTS

For a polynomial ar? + b +c...

The sum of its two roots is — 1.

The product of its two roots is =,

This is true even if the roots are not real. See Complex Numbers

GRAPHING QUADRATIC EQUATIONS

The graph of everv equation of the
form y = ax* + e + o (witha £ 0) is
a parabola. The simplest parabola is
the graph of y = % it opens up, its
vertex is at the origin, and its line of
symmetry is the vertical line ¢ = ()

A+ 6 factors |

RECOGNIZING EASY- TO-FACTDFI GROUPS

Perfect Squares: at + 2abh+ 5 = (o + b)?

a® = 2ab+ B = [a =12

Difference of Squares: @ = =la+b)a-1b
Sum & Difference of Cubes: o + I' = (1 4+ b)(a? — abi+ %)
W = (a—b)(a* +ab+ b?)

ADVANCED TECHNIQUES

Sometimes, a difference of squares is hiding.

Ex: = - y* — 4o +4 can be factored by grouping all the
r-terms together and factoring those separately first:

(e =dr+d) P =(x-2P P =(c+y-2Mx—y+2)
A sum of squares usually can't be factored. But it will if the square
is really a higher power. B¢ a” + 4" will factor as a sum of cubes.

i 4 4025 4 48 — 4aB?

Ex Ivery hardlk o' + 470 =(a®
ab + W)

= (a® + 26)° — (2ab)® =(a? + 2ab+ 25%) (a* -

An) dlﬂl“l’l'lu{.‘ of powers can be factored:
P b= (a—b) (a* +oab 4Bty

u" ~ & + a4l

+ath 4

+ b

= — &) (6® + atb + a®B? )+ ete,

Any sum of odd powers can be factored:

a® 4 bt = (o 4+ 'Itu — t%h + 0?6 — ab® + b)), ete,

When dealing with composite powers, treat them as a smallest-
factor power first, Ex: o' —4'" should be factored as a
lhffcn,m-e of n‘uhcs first:

(a*)" — ()" b%) (o'
then factor the o — b* piece separately.

= (a® + a4+ 60

The general parabola:
y=ar* 4+ br+e.
Complete the square to reexpress the
equation in the easy-to-graph form
Here, h= -1
and & is the value obtained when /i
is IthN,cd into the polynomial
+ b oo

y=-unlx—h)*+k.

The vertex of the parabola is at
(h k).

The line of svmmetry is

The parabola opens up if o > 0, down if o < ().

If [a| > 1, the parabola is steeper than y = +%;
if [a| < 1, the parabola
apens wider than y = . Vi

nomials are the r-values
where the graph crosses
the r-axis, o7 G| Nt

The roots of the paly- I
4

The sign of the discriminant
" — due determines the

number of roots
Quadratic

See

Formiuig

If real roots exist, the line
of symmetry parses exactly i
half-way between them (so the r-coordinate of the line of
symmetry is the average of the roots),







